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Introduction 



0.1. Let G be an afRne algebraic group over an algebraically closed field of char- 
acteristic p > such that the identity component of G is reductive. Let W 
be the Weyl group of G'^. In [L6] we have defined (assuming that G = G'^) a, 
natural (surjective) map $ from the set of conjugacy classes in W to the set 
G_ of unipotent conjugacy classes in G. In this paper we extend the definition of 
$ to the case where G is not necessarily connected, by replacing G_ by the set 
of unipotent G*^-conjugacy classes in a fixed connected component D of G whose 
image in G/G^ is unipotent and W by the set of "twisted conjugacy classes" (in 
a suitable sense depending on D) of W. The general case can be reduced to the 
already known case when G = G^ and to four other cases: the case where G has 
two components [G^ = PGL^ and D) and conjugation by some element in D 
takes a matrix to its transpose inverse with p = 2 (see §4, §5); the case where G 
is an even full orthogonal group and D ^ G^ with p = 2 (see §3); and two excep- 
tional cases related to Eq,p = 2 and -D4,p = 3 (which can be treated using in part 
computer calculations, see §2). As a biproduct of our analysis in §4 we obtain a 
new description of certain varieties from [DL] corresponding to a unitary group 
over a finite field (see §6). On the other hand in 5.11 we show that a map similar 
to $ can be defined in a case (arising from an outer automorphism of GL^) where 
D does not contain unipotent elements. 

I thank Gongqin Li for her help with programming in GAP3. 

0.2. Notation. For any set of integers M we set Me„ = {x G M;x even}, 
Modd = {x E M; X odd}. For any collection of vectors ei, 62, . . . , in a vector 
space we denote by 5'(ei, 62, ... , et) the subspace spanned by ei, 62, . . . , e^. For 
any group F let Zr be the centre of F; if g G F and F' is a subset of F let 
Zr'i9) = {9'eT';gg' = g'g}. 

0.3. Errata to [L6]. In 4.4 replace 

"We can find integers ai, 02, . . . , at, 61, 62, ■ • ■ , (all > 1) such that ..." by: 
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"We can find integers ai, 02, . . . , at, 61, 62, • • • , (all > 1) such that 61 + 62 + 
■■■ + bt = a," 

In 4.4 replace the equation y = (ai + 02 + • • • + — 6i)/2 + . . . by the 

equation 

y = (ai + a2 H + Oi)(6? - bi)/2 

+ (ai + as + ■ • ■ + at_i)((6i + 62)^ - - ^2) - (^>? - &i))/2 + ■ ■ ■ + 
ai((6+ • • • + btf - 61 6t) - ((61 + • • • + - 61 6t-i))/2. 

Replace 1.6(a) by 

li-)-2i-)-...H-).pii-).ni-)-n-li-^...i-^n-pi + li-^l, 
Pi + li-^Pi + 2i-)-...H-).pi+p2i-^n-pii-^n-pi-li-^... 
n — pi — p2 + 1 ^ Pi + 1, 

p^a + 1 H> + 2 H-^ . . . H> + H-^ n - 
iH- n - p<c, - 1 1-^ ... 1-^ n - p<o- - Po- + 1 P<a + 1, 
and, if k; = 1, 

(a) Pn+l^Pn+l- 
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1. The main results; statements and preliminary reductions 

1.1. Let k be an algebraically closed field of characteristic p > 0. In this paper 
we fix a group G with a given normal subgroup G'^ and a given left /right ^O-coset 
denoted by D; we assume that G^ is a connected reductive algebraic group over k 
and that for any g E D the map x gxg~^ is an isomorphism of algebraic groups 
G^ Let Z^o be the set of all z e Zqo such that zg — gz for some/any 

g E D; this is a closed subgroup of Zoo. Let B be the variety of Borel subgroups 
of G^. Let W be the Weyl group of G°. We view W as a set indexing the set of 
orbits of G^ acting on i3 x i5 by (7 : {B, B') ^ {gBg~^, gB'g~^). For G W we 
write Ow for the corresponding G°-orbit. The group structure on W is defined as 
in [L6, 0.2]. Define [ : W N by l_{w) = dimO^ - dimB (length function). Let 
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S = {s e W; /(s) = 1}. For any J C -5 let Wj be the subgroup of W generated 
by J. Now D defines a group automorphisms eo : W — > W (preserving length) 
by the requirement that 

{B,B')eO^,geD =^ {gBg-\gB'g-^)eO,^^^y 

Let W p be the set of e^-conjugacy classes in W that is, the set of equivalence 
classes in W for the orbits of the W-action wi : w ^ w^^weoiwi) on W. An 
element w e W (or its eD-conjugacy class C) is said to be CD-elliptic if for any 
J d S such that eoi J) = J, J ^ S,we have C n Wj = 0. Let be the set 
of elliptic e£)-conjugacy classes in W. Let D-min be the set of all G W such 
that l{w) < l{w') for any w' in the e_D-conjugacy class of w. For any e_D-conjugacy 

class C in W we set Cmin = C f] ^D-min- 

In the remainder of this section we assume that 

(a) G is an affine algebraic group over k and that is its identity component 
(so that D is a connected component of G) 

and that 

(b) the image of D in is unipotent (that is, its order is a power of p if 
p> 1 and 1 if p = 0) . 

Let be the set of G°-conjugacy classes in D which are unipotent. We say that 
7 G -D is distinguished if for some/any g E any torus in Zoig) is contained in 
Zqq. Let Dj^ig = {g ^ D;j distinguished}. For w G W, ■y E Dwe write w H^) 7 if 
for some/any (7 G 7 we have {B G B; {B,gBg~^) G O^,} ^ 0. For G W we set 
= {7 £ ty Ho 7}; we regard Y^w,d as a partially ordered set where 7 < 7' 
if 7 C 7' (closure of 7' in D). 

1.2. We shall need the following result. 

(a) Assume thatw,w' are elements ofW D-min which are eo-conjugate. Then 

To prove this we can assume that k is an algebraic closure of a finite field Fq with 
q elements and that G has a fixed F^-rational structure such that G^ is Fg-split, 
D is defined over Fq and each unipotent G°-orbit in D is defined over Fq. Let 
7 G Let g G ^{Fq). Let Nq (resp. AT^) be the number of F^-rational points 
of the Fq-variety {B G B; {B,gBg-^) G O^} (resp. {B G B; {B,gBg-^) G Oyj>}). 
Note that 7 G S^^.^x) if and only if A^^^ 7^ for some s > 1; similarly, 7 G S^',!? 
if and only if Nqs ^ for some s > 1. It is then enough to show that Nqs — Nqs 
for all s > 1. Replacing by q we can also assume that s = 1. Let T be the 
set of functions B{Fq) — >■ [l is a fixed prime number 7^ p). For any x G G{Fq) 
we define ■ ^ hj f ^-^ f where f'{B) = f{x~^Bx). For any y G W we 
denote by : ^ ^ the linear map f ^ f where 



B'eB{F^);iB,B')eOy 
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Let Hg be the subspace of End(J^) spanned by Ty{y e W); this is a subalgebra of 
End(J^). From the definitions we have Ng = tT{T^Sg : T ^ T), N'g = tT{T^'Sg : 
T T). Thus it is enough to show that tr((T^, - T^,')Sg : T ^ = 0. We 
define a Hnear map : 'Hg — )■ l-ig by ^{Ty) = T^^i^y-^ for all y G W; this is an 
algebra automorphism. From the definitions for any y e W we have T^^(^y^Sg = 
SgTy : T ^ T (we use that g e -D); hence for any ^ € "H^ we have i-i{^)Sg = Sg^. 
From our assumptions on w,w' and from [GKP, 7.2(a)] we see that — T^i is a 
linear combinations of elements of the form — C'fi{^) (^, ^' € 'Hg)- Hence it is 
enough to show that tr {{^^' - ^' n{^))Sg : -> J^) = for any ^, f G Tig. The last 
trace is equal to tr(^^'S'g — C'Sg$, : J-' ^ J-') and this is clearly 0. This completes 
the proof of (a). 

In view of (a), for any C G W p we can define So,d = '^w,d where w is any 
element of Cmin- 

The following is one of the main results of this paper. 

Theorem 1.3. (a) Let C G Wp. There exists (a necesarily unique) 7 G Sc,d 
such that 7 < 7' for all 7' G T,c,d- We set 7 = $(C). 

(b) IfC,C' are elements ofVTj^ and $(C) = $(C"), then C = C . 

(c) For any ■y E D there exists C G such that 7 = $(C). 

(d) For any 7 G D^ig there exists C G W p such that 7 = ^{C). 

We now state a variant (in fact a special case) of the Theorem. 

Proposition 1.4. 1.3(a) holds for any C G W^; moreover, 1.3(h) and 1.3(d) 
hold. 

We now show: 

(a) // the proposition holds for G,D and for any G',D' such that dim(G') < 
dimG then Theorem 1.3 holds for G, D. 

The proof is a generalization of that in [L6, 1.1]. For any J C S such that 
^d{J) = J we denote by Pj a parabolic subgroup of type J of by Lj a Levi 
subgroup of Pj and by Upj the unipotcnt radical of Pj; we identify Wj with the 
Weyl group of Lj in the standard way (using Pj). By [L4, 1.26] we have NqPj = 
{NcLjnNcPj)Upj, {NoLjnNGPj)nUpj = {1}. HereiVcO denotes normalizer 
in G. It follows that NdPj = {NdLjHNdPjPpj where NdO = iVcOnD. Since 
ep(J) = J we have NdPj 7^ hence Dj := NdLj n NdPj 7^ 0. Note that Dj is 
a connected component of NqLj (whose identity component is Lj) and (Wj) Dj-, 
D^j are defined in terms of NqLj, Dj in the same way as Wp, are defined in 
terms of G, D. Now let C G Wp. We can find J C 5 as above and C' G (Wj)^^ 
such that C" = C n Wj. (For future reference we denote by //(C) the number of 
eu-orbits on S' — J; it is independent of the choice of C. Note that C is e£)-elliptic 
if and only if //(C) = 0.) We set Pj — P, Lj = L, Upj = U. By our assumption, 
7o := $(C') is a well defined unipotent L-conjugacy class in Dj. Let 7 be the 
unipotent G°-conjugacy class in D that contains 70. Let w G C^j^. Let Y E D 
be such that for some B,B' e B, g' e 7' we have {B,B') G O^, B' = g'Bg'~^. 
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Replacing B, B' , g' by xBx~^, xB'x~^ , xg'x~^ for some x E we see that we can 
assume that B C P and then we automatically have B' C P that is, g'Bg'~^ C P. 
We have also g'Bg'~^ C g'Pg'~^ and g'Pg'~^ is of the same type as P (since 
cd{J) = J) hence g'Pg'~^ = P that is, g' G NoP. We have g' = g'lV where 
g'l G Dj is unipotent and v E U. We shall use the following fact which will be 
verified below. 

(b) For any element h G Dj and any v' E U we can find a one parameter 
subgroup A : k* — )■ Zl such that X{t)h = hX{t) for allt and X{t)v'X{t~^) converges 
to 1 when t G k* converges to 0. 

Using (b) with h — g'i,v' — v we see that X{t)g' X{t)~^ = g'iX{t)vX{t)~^ converges 
to g'l when t G k* converges to 0. Thus g'l is contained in the closure of 7'. 
Hence the L-conjugacy class of g[ is contained in the closure of 7'. Note also that 
B' = g[Bg[~^. By definition, 70 is contained in the closure of the L-conjugacy 
class of g[. Hence 70 is contained in the closure of 7' and 7 is contained in the 
closure of 7'. We see that £> has a unique minimal element namely 7. Since 
w G Grain, wc scc that 1.3(a) holds for G,D (assuming (b)). 

We now prove (b). Let it be a unipotent, quasi-semisimple element in Dj. We 
have h = ub where b E L hence b commutes with any clement in Zl. Hence it 
is enough to prove (b) with h replaced by u. We can find a Borel subgroup Bi 
of L and a maximal torus T of Bi such that Bi,T are normalized by u. Then 
B2 = BiU e B is also normalized by u. Let G°g^ be the derived group of G°. Let 
Yj (resp. Y) be the group of 1-parameter subgroups of {Zl n G°er)° (resp. T). 
Let cti, . . . , be the simple roots y — )■ Z of (relative to S2, T) which arc not 
simple roots of L (relative to T). Now Q®Yj has a unique basis 61, . . . , 6^, such 
that Q:j(6j) = Sij for all Let d G Z>o be such that dbi, . . . , dbr belong to Yj. 

Let A = dbi + h dbr £ Yj (in additive notation). Then t i->- Ad(A(t)) has > 

weights on the Lie algebra of U. It remains to show that X{t) commutes with u. 
This follows from the fact that Ad(tt) in its natural action on Yj permutes among 
themselves the elements dbi, ■ ■ ■ , dbr- This completes the proof of (b) hence that 
of 1.3(a). 

Let 7 G We can find J C S such that eo(J) = J and 7' G D^j such that 7' is 
distinguished relative to NqLj^Dj. Using 1.3(d) we can find G' G (Wj)^^ and 
7' = $(C") where $ is defined relative to NqLj, Dj. Let G be the e^-conjugacy 
class of W that contains G' . By an earlier part of the argument, $(C) is well 
defined (relative to G, D) and is the unique -conjugacy class that contains 7'; 
since 7 has the same property we have $(G) — 7. This proves 1.3(c). This 
completes the proof of (a). 

1.5. Clearly, to prove that 1.3 holds for G, D we may replace G by the subgroup 
generated by D hence we may assume that 

(a) G/G^ is cyclic with generator D. 
Until the end of 1.11 we assume that (a) holds. In the case where D = G^ (so 
that G = G°), 1.3 follows from [L6, 0.4, 0.6] when p is not a bad prime for G and 
from the Addendum at the end of [L6] (based on [LX] and [L8] ) when p is a bad 
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prime for G. We now consider the general case. In 1.6-1.11 we will give a number 
of reductions of the theorem. 

1.6. Let G' = G/Zqo- Let D' = n{D) (a connected component of G'). We may- 
identify W with the Weyl group of €d' : W — > W with eo and 'SN'o-min 
with V^£,i-min- We may identify (defined in terms of G'^D') with via 
7 I— > 7' = {(7 G 7r~^(7); (7 unipotent}, see [L5, 12.2(a)]; this also identifies D^dis 
with D_^^g (see [L5, 12.2(b)] and its proof). Then for w G o-min — ^ D'-min 
we have T^w,d = ^w,d' as partially ordered sets. Hence 1.3 holds for G', D' if and 
only if it holds for G, D. 

1.7. Assume that G is such that G° is semisimple. We can find a reductive 
group G with G° semisimple, simply connected and a surjective homomorphism 
of algebraic groups it : G —> G such that keryr C 2qo- Then G^ = n~^{G^) 
and D = n-^{D) is a connected component of G. Moreover, the obvious map 
G/G^ G/G^ is a bijection carrying D to D. We may identify W with the Weyl 
group of G^, ef) : W — >■ W with and yVD-min with W^_^^^. We may identify 
D (defined in terms of G, D) with via 7 1— )■ 7' = {(/ G 7r~^(7); g unipotent}, see 
[L5, 12.3(a)]. This also identifies D^^^ with D^^^ (see [L5, 12.3(b)] and its proof). 
Then for w G 'Wo-min = '^n-min "^^ ^^^^ ^w,d = as partially ordered 
sets. Hence if 1.3 holds for G, D then it holds for G, D. 

1.8. Next we assume that G is such that G*^ is semisimple, simply connected. We 
can write uniquely G^ as a product G^ = Gi x G2 x ■ ■ ■ x Gt where each Gi is 
a closed connected normal subgroup of G different from {1} and minimal with 
these properties. For i G [1, k] let G- = G/{Gi x . . . x Gi-i x Gi+i x . . . x Gk)- 
Then G^ is an affine algebraic group with G[^ = Gi and the image of D in G^ is a 
connected component Dj of G[. Also we have an obvious imbedding of algebraic 
groups G — > G']^ X G2 X . . . X G^ by which we identify G with a closed subgroup 
of G'j^ X G2 X . . . X G'f^ with the same identity component; then D becomes Di x 
D2 X ... X Dk. From the definitions we have a natural bijection 

D^x D^x ...X ^ D, (71, 72, • • • , 7fc) ^ 71 X 72 X . . . X 7fc 

which restricts to a bijection 

Let Wj be the Weyl group of Gj. Then (\Vi)Di-min is defined in terms of G^, Di 
in the same way as 'WD-min is defined in terms of G, D and we have canonically 
(compare [GP, Exercise 3.10] in the case where D = G^): 

0^l)Di-min X {yV2)D2-min X ... X (Wk)Dk-min — > ^D-min- 

If {wi,W2, . . . , Wk) ^ w under the last bijection then from the definition we can 
identify x ^1^02,02 x . . .x S^j,^^)^, with T^yj^o as partially ordered sets. Hence 

if 1.3 holds for each of G^, Di then it holds for G,D. 
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1.9. Next we assume that G is such that is semisimple, simply connected, 
{1} and that G has no closed connected normal subgroups other than G° and 
{1}. We have G° = Hq x Hi x . . . x Hm-i where Hi are connected, simply 
connected, almost simple, closed subgroups of G^ . Let c G -D be a unipotent 
quasi-semisimple element (see [L4, 1.4, 1.9]). We can assume that Hi = c^Hqc~^ 
for i G [0, m — 1] and d^HQC~'^ = Hq. Let G' be the subgroup of G generated 
by Hq and c^. Then G' is closed, = Hq and D' = c^Hq is a connected 
component of G' . 

Define D' ^ G^ x D' ^ D hy a{g, c'^h) = c™/i, h{g, d^h) = gchg'^ (with 
h G Hq); we have a bijection r : ^ ^ given by 7' h- )■ 7 where a~^(7') = b~^{j), 
see [L5, 12. 5(a), (c)]. This restricts to a bijection -D[;,„ ^ ^d^s (see [L5, 12.5(b)]). 

Let Bi be the variety of Borel subgroups of H^ {i G [0,m — 1]). Any B e B 
can be written uniquely in the form B = BqBi . . . B^-i where Bi & Bi (i & 
[0, m — 1]). Let Wi be the Weyl group of H^ and let 1^ : Wj — >■ N be its length 
function. We can identify W = Wq x Wi x . . . x W^-i in an obvious way 
so that /(t^o, ■ ■ ■ , Wm-i) = io('^o) + ■■■ + Lm-ii'^m-i) for Wi G Wi. We have 
eD(W,) = Wi+i for i G [0,m - 2], ei?(W^_i) = Wq. Let e^' : Wq ^ Wq be 
the automorphism defined by D'. We have eD'{v) = e'^{v) for v G Wq. 

In this subsection we assume that 1.3 holds for G', D' and we show that it then 
also holds for G, D. 

Let C G Wp. To verify that 1.3(a) holds for C we choose v G Cmin such that 
V G (Wo)D'-min (sec [GKP, 2.7]). Let C be the e£)/-conjugacy class of v in Wq. 
Let 7' G 7 G ^ be such that 7 = t(7'). We show that: 

(a) 7' G E^,!)' i/and only if 'j e T,y^D- 
Let /i G -ffo be such that c™/i G 7'; then ch G 7. It is enough to show that the sets 

Z = {Boe Bo; {Bo,nBo{d^h)-^) G O^.h,}, 

Z' ={{Bo, Si, ... , Bm-i) G So X BiTBm-i; (So, chBm-iich)-^) G a,//o, 
Si = chBo{ch)~^, Bm-i = chBm-2{ch)~^} 

are in bijection (here Ov,Ho is defined like but relative to Hq instead of G°). 
Now Z' is clearly in bijection with {So G i5o; (So, {ch)"" Boich)-"^) G It 
is enough to show that for Sq G i3o we have (c/i)"^So(c/i)~™ = c'^hBo(c^h)~^ . 
We have {ch)^ = c^zh — c^hz where 

z = (c-"^+^/ic"^-^)(c-™+2/ic"^-2) . . . {c-'-hc) G H1H2 . . . Hm-i 

commutes with Hq hence zBqz~^ = Bq and hence 

{ch)'^Bo{ch)-'^ = c'^hzBoz-^c^'h)-^ = c"^/iSo(c™/i)-\ 

as required. This proves (a). 
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Prom (a) it follows that r defines a bijectfon S^.D' — > '^v,d- Now t is com- 
patible with the partial order (this follows from the proof of [L5, 12.5(a)]). Since 
1.3(a) holds for G\D\C\ it also holds for G,D,C. Thus 1.3(a) holds for G,D. 
Similarly, 1.3(b)-(d) hold for G, D. (Note that v above is e£)-elliptic in W if and 
only if it is e^:)' -elliptic in Wq.) 

1.10. Next we assume that G is such that G^ is semisimple, simply connected, 
almost simple. Let A be the subgroup of Zq consisting of all unipotent elements 
in Zg- Let G' = G/A and let tt : G — > G' be the obvious homomorphism. Now 
TT induces an isomorphism G° G'^ and we have Zq' C G'°, see [L5, 12.6(a)]). 
Let D' = 7t{D), a connected component of G' . Then tt restricts to an isomorphism 
D ^ D' . Wc may identify W with the Weyl group of G'^, e^i : W — )■ W with 
tD and D-min with Wo'-min- We may identify (defined in terms of G', D') 
with via 7' h- )■ 7 = -D Pi 7r~^(7'); this also identifies D'cn^ with D^^g (see [L5, 
12.6]). Then for w e Wo-min = '^D'-min we have T,^,d = '^w,d' as partially 
ordered sets. Hence if 1.3 holds for G', D', then it holds for G, D. 

1.11. We now assume that G is such that G° is semisimple, almost simple and 
Zq C G°. Let G' = G/Zqo and let tt : G — > G' be the obvious homomorphism. 
Let D' = 7^{D), a connected component of G' . We may identify W with the 
Weyl group of G'°, eo' : W ^ W with eo and Wo-min with Wo'-min- We 
may identify (defined in terms of G', D') with D via 7' h-)- 7 = 7r~^(7'); when 
G = G° this is obvious, when G ^ G°, see [L5, 12.7(b)]. This also identifies 
D'^^g with D^^g (see [L5, 12.7(c)]). Then for w G WD-mm = ^D'-mm wc have 
Tij^^D = £)/ as partially ordered sets. Hence 1.3 holds for G',D' if and only if 
it holds for G, D. 

1.12. We now discuss the proof of Theorem 1.3. If G^ = {1}, the result is trivial. 
We can assume that dim(G^) > and that 1.3 is already known for any G',D' 
with dim(G'°) < dim(G°). From the results in 1.6-1.11 we see that we may assume 
that G° is semisimple, adjoint, almost simple, with Zq C G° and D generates G. 
Moreover, as we have seen in 1.5, wc can assume that D 7^ G°. Then, as in [L5, 
12.7], we must be in one of the following four cases: 

(a) G° = PGL^(k), m > 3, p = 2; 

(b) G^ = PS02m{k),m>4,p^2- 

(c) G0 = P5O8(k),p = 3; 

(d) G° is adjoint of type Eq, p = 2; 

moreover, \G/G^\ = p and conjugation by an element of D is not an inner au- 
tomorphism of G^. For G,D as in (c) or (d), the proof of 1.3 is given in §2. If 
G, D are as in (b), we see from 1.11 that it is enough to prove 1.3 when G, D are 
replaced by 

(b') G' = 02„^(k), L>' = G' - G'°, m > 4,p = 2; 
the proof of 1.4 in this case is given in §3; then 1.3 holds in this case by 1.4(a). If 
G, D are as in (a), we see from 1.6 that it is enough to prove 1.3 when G, D are 
replaced by G', D' with 
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(a') G"° = GLm{k), \G'/G'^\ = 2, some element of D' acts on G"° by conjuga- 
tion as (oy) !->■ {aji)~^, m > 3,7? = 2; 

the proof of 1.4 in this case is given in §5 (based on results in §4); then 1.3 holds 
in this case by 1.4(a). 

1.13. In the remainder of this section, G,D are as in l.l(a),(b). 

Theorem 1.14. Let C e Wp, w e Cmin and let 7 = ^{C), see 1.3(a). Let 
e 7. We have dim{ZQo{g) / Zqq) = l{w). 

We first go through a sequence of reductions as in 1.6-1.11. 

Assume first that we are in the setup of 1.6 and that the theorem holds for 
G',D'. We have Zq,o = {1} and it is enough to show that ZGo{g) / Zqq = 
ZG>o{Ti{g)). This follows from [L5, 12.2(b)]. 

Assume now that we are in the setup of 1.7 and that the theorem holds for G, D. 
Let ^ be a unipotent element in 7r~^(^). It is enough to show that dim{ZQoig)) = 
dim{ZGo{g). This follows from [L5, 12.3(b)]. 

Assume now that we are in the setup of 1.8 and that the theorem holds for 
G'^,Di {i G [1, A;]). Then clearly the theorem holds for G, D. 

Assume now that we are in the setup of 1.9 and that the theorem holds for 
G',D'. It is enough to show that if h e Hq then ZGo{ch) = Zffoic'^h). This 
follows from [L5, 12.5(b)]. 

Assume now that we are in the setup of 1.10 and that the theorem holds for 
G',D'. It is enough to show that ZGo{g) = Zq/o (7r(gr)). This is shown in [L5, 
12.6]. 

By the arguments above the proof of the theorem is reduced to the special case 
where G is as in 1.11; we can also assume that D generates G. li D = G° then the 
theorem is already known, see [L6, 4.4(b)]. Thus we can assume in addition that 
D G^. Assume now that (in the setup of 1.11), the theorem holds for G',D'. 
Using [L5, 12.7(c)] we deduce that the theorem holds for G, D. We see that it is 
enough to prove the theorem in the cases 1.12(a)-(d). If we are in the case 1.12(c) 
or 1.12(d) the result follows from the explicit description of the map $ in §2 (the 
values of l{w) can be extracted from the character table of the appropriate Hecke 
algebra available through the CHEVIE package). The proof in the case 1.12(b) (or 
equivalently 1.12(b')) is almost identical to the proof for G° given in [L6, 4.4(b)] 
and will be omitted. The case 1.12(a) (or equivalently 1.12(a')) is treated in 5.10. 

Theorem 1.15. Let C E W^, w e Cmin and let 7 = $(C), see 1.3(a). The G°- 
action x : (g, B) ^ {xgx~^, xBx~^) on 052, •= {(d^B) e^x B; {B, gBg~^) e O^} 
is transitive. 

We set = {{g, B) e DxB; {B,gBg-^) e O^}- We state the following result 
which is similar to [L6, 5.2(a)]. 

(a) Ifw'jw" G Cmin then there exists an isomorphism !B^, ^ commuting 
with the G^ -actions and commuting with the first projections 03^/ — )■ D, 23:^// 
D. 
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The proof of (a) is along the same hnes as that in [L6, 5.3]. Using a result of 
[GP, 3.2.7] and its extension to the twisted case [GKP],[H1], we see that we can 

assume that there exist 6, c, 6' G W such that w' = be, w" = cb', enib) ~ b' , 
l_{b) + /(c) = Ubc) = l_{cb'). If {g,B) G QSf^ then there is a unique B' e B such 
that {B,B') G Ob, {B',gBg-^) G Oc- We have {gBg'^, gB'g'^) G Ob' hence 
{B',gB'g~^) G Ocv so that {g,B') G ^^/. Thus we have defined a morphism 
a : 03^ 05^,, {g, B) ^ {g, B'). Similarly, if {g, B') G QS^,, there exists a unique 
B" G B such that {B',B") G C»c, {B",gB'g-^) G Ob'; we have {g,g-^B"g) G 
^B^. Thus we have defined a morphism a' : 53^, — 23^, {g,B') i-> {g, g~^B" g). 
From the definition it is clear that a'a{g, B) = {g, B) for aU {g, B) G Q3£ and 
aa'{g,B') — {g,B') for all {g,B') G ^^/. It follows that a, a' are isomorphisms. 
They have the required properties. 
From (a) we see that: 

(b) // the theorem is true for some w G Cmin then it is true for any w G Cmin- 
Note that the following is an equivalent formulation of the theorem. 

(c) In the setup of the theorem let B & B and let g, g' G 7 be such that 
(B, gBg~^) G Oyj, {B,g'Bg'~^) G O^. Then there exists x & B such that 
xgx~^ = g'. 

Before proving the theorem (or equivalently (c)) we go through a sequence of 
reductions as in 1.6-1.11. 

Assume first that we are in the setup of 1.6 and that (c) holds for G',D'. If 
B,g,g' are as in (c), we have 7r(^) G 77(7), 7r(^') G 77(7) and 7r(S) is a Borel 
subgroup of G' . We can find x' G 7r(i?) such that x'7r{g)x'~^ = 7T{g'). We 
have x' = 7t{x) where x & B and xgx~^ — zg' for some z G ^^o- Using [L4, 
1.3(a)] we can write z — ytg'y~^g'~^ with t, y G 2qo, tg' — g't. We have zg' = 
ytg'y~^ — xgx~^, {x~^y)tg'{x~^y)~^ — g. In particular tg' is unipotent. Since g' 
is unipotent and t is semisimple and commutes with g' it follows that t = 1. Hence 
{x~^y)g'{x~^y)~^ = g. We see that (c) holds for G,D. On the other hand if (c) 
holds for G, D then it obviously holds for G' , D' . 

Assume now that we are in the setup of 1.7 and that (c) holds for G, D. Then 
clearly (c) holds for G, D. 

Assume now that we are in the setup of 1.8 and that (c) holds for G'^,Di 
(z G [1, /c]). Then clearly (c) holds for G, D. 

Assume now that we are in the setup of 1.9 and that the theorem holds for 
G',D'. We show that the theorem holds for G,D. By (b) we can assume that 
w = v e C^in n (Wo )d' -mm- Let {g, B) G [g', B') G It is enough to show 
that {g, B), [g' , B') are in the same G°-orbit. Replacing {g, B), {g', B') by pairs in 
the same G°-orbit we can assume that g — cho,g' = cH'q where ho,h'Q G Hq and 
c^ho, c^H'q are in the same (unipotent) if^'-conjugacy class 7' in D'. We write 
B = BqBi . . . Bm-i, B' = B'qB'^ . . . B'^_^ with B^, B'^ G Bi. We have 

{Bo,choBm-i{cho)~^) G Oy^Ho,Bi = choBo{cho)~'^ , . . . , Bm-i = c/io-B^-2(c/io)~M 
(S^, ch'oB'^_,{ch'o)-') G a,Ho, Si = ch'oB',{ch'o)-\ . . . , B'^_, = ch'oB'^_^{ch'o)-\i 
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As in 1.9 from this we deduce that (Sq, c"'/io-Bo(c"^/io)~^) ^ C'^;i/o aiid similarly 
{B'o,c'^h'QBo{c^h'Q)-'^) e Oy-Ho- Since the theorem holds for G',D' we can find 
xq e Hq such that Bq = xqBqXq^, c^Hq = xqc^^HoXq^ . For i E [l,m — 1] we set 
Xi = c^/tQXo/io ^c~* e Hi, we show that XiBiX^^ = B[. An equivalent statement 
is: 

^h'QXohQ^c-\chQyBQ{chQ)-^d'hQXQ^h'Q-^c-' = (c/i[))*a;o5oa;o ^(c/i^,)"'* 
It is enough to show that if A is defined by 

c^hQXohQ^c~\choy = {chgYxoX 
then X e H1H2 . . . i?m-i so that XBqX~^ = Bq. We have 

A = Xq^ {chQ)~'^ hQXohQ^ c~'^ {choY — Xq^z'xqz 

where z = /iq ^c~*(c/io)* and z' G (c/io)~*c*/io belong to H1H2 ■ ■ ■ Hm-i hence they 
commute with Hq. Thus A = z'z G H1H2 . . . Hm-i- 
Now let X = xqXi . . . Xm-i G . We have 

xBx~'^ = {xoBoXq'^){xiBix^^) . . . (a;m-i-B^-ia^~^_i) = BqB[ . . = B' . 

We show that xgx~^ = g' that is, xqX\ . . .x^-i = chQXoXi . . .Xm-ihQ^c~^. An 
equivalent statement is that 

XqXi . ..Xm-l = {cXm-lC~^){chQXohoC~^)(cXiC~^) . . . (cXm-2C~^)- 

(We use the fact that Hq, Hi, ... , H^-i commute with each other.) It is enough 
to show that 

Xq = CXm-lC~^,Xi = chQXohoC~'^ , X2 = CXiC~^ , . . . , Xm-l = CXm-2C~^ ■ 

These equalities, except the first, follow from the definition of xi, . . . ,Xm—i ; the 
first equality is the same as xq = c'^hQXohQ^c~'^; it holds by the definition of xq. 
Thus, the theorem holds for G',D'. 

Assume now that we are in the setup of 1.10 and that (c) holds for G',D'. 
If B,g,g' are as in (c), we have 7r((7) G Tv{'^),7v{g') G 7r(7) and tv{B) is a Borel 
subgroup of G' . We can find x' G 7r(-B) such that x''n{g)x'~^ — i^i^g'). We have 
x' = 7r(a;) where x & B and xgx~^ = zg' for some 2; G A such that the connected 
component containing of zg' (that is zD) is equal to the connected component 
containing xgx~^ (that is D). Wc see that zD = D hence 2; G G° flF = {1}. Thus 
xgx~^ — g' and (c) holds for G, D. 

By the arguments above the proof of the theorem is reduced to the special case 
where G is as in 1.11; we can also assume that D generates G. \i D = G° then 
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the theorem is already known, see [L8, 0.2]. Thus we can assume in addition that 
D ^ G^. Then, as in [L5, 12.7(d)], we have that for any g' e D, the homomorphism 
Zqo — )■ Zgqi y 1-^ 9'~^y9'y~^ is an isomorphism. 

Assume now that (in the setup of 1.11), (c) holds for G' , D' . If B, g, g' are as in 
(c), we have ^{g) e '!T{j),n{g') G 7r(7) and tv{B) is a Borel subgroup of G' . We can 
find x' e n{B) such that x'7i{g)x'~^ = n{g'). We have x' = 7r{x) where x E B and 
xgx~^ = g'z for some z e Zqo. As noted above, we can write z = g'~^yg'y~^ with 
y e Zqo. Then g'z = yg'y~^ and xgx~'^ = yg'y~^ so that {y-'^x)g{y-'^x)-'^ = g'; 
note also that y~^x G B. Thus (c) holds for G, D. 

We see that it is enough to prove (c) in the cases 1.12(a)-(d). In the cases 
1. 12(c), (d) the theorem is contained in 2.3(b), 2.4(b). The proof in the case 1.12(b) 
(or equivalently 1.12(b')) is almost identical to the proof for G° given in [L8, §3] 
and will be omitted. The case 1.12(a) (or equivalently 1.12(a')) is treated in 5.12. 

Theorem 1.16. For any 7 G ^ the function ^~^{'y) — >■ N, C i-)- /i(C) (/j, as in 

the proof of 1.4(a)) reaches its minimum at a unique elem,ent Co G $"^(7). Thus 
we have a well defined map "if : Wp, 7 1-^ Co such that : D is the 

identity map. 

By a sequence of reductions as in 1.6-1.11 we see that it is enough to prove the 
theorem assuming that D = G*^ or that we are in one of the cases 1.12(a)-(d). 
If D = C° the theorem follows from [L7, 0.2]. If we are in the case 1.12(c),(d), 
the result follows from the tables in 2.3, 2.4. If we are in the case 1.12(a) or (b), 
or equivalently in the case 1.12(a') or 1.12(b'), the result follows by arguments 
similar to those in [L7]. 

2. The exceptional cases 
2.1. In this section we assume that G,D are as in 1.12(a)-(d) and that 

k, Fq., J" , Tyj : J- > J- , Sx '• J" ^ J" 

are as in the proof of 1.2(a). Let u be a unipotent quasi-semisimple element of 
D{Fq). Then u has order p and = 1 : W ^ W. Let E\i G /) be a set 
of representatives for the isomorphism classes of irreducible representations of W 
over Q/. For i G / let be the irreducible ?^g-module corresponding to (it 
depends on a fixed choice of ^Jq in Q^) and let pi = Hom-^^ (i?*, T). We regard pi as 
an (irreducible) C°(Fq)-module by a; : 0' (x G G^{Fq)) where 4>'{e) — Sx4>{e) 
for e G -E*. We have an isomorphism 

(a) A : ®ie/Pi ^ E^ ^ T 

given by (/) ® e t-)- (j){e) for cj) E pi,e E E'^. Let lex be the set of all i G / such 
that there exists a linear map vi : E'^ ^ E^ with ViW — eD{w)vi : E^ ^ E'^ for all 
w G W, = 1. Note that for i G lex, is only defined up to multiplication by a 
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p-th root of 1. However there is a canonical choice for Vi, the "preferred extension" , 
see [L3, 17.2]; we shall assume that Vi is this canonical choice. As in [L2, p. 61], Vi 
gives rise to a linear map : ^ such that ViT^ = T^D{w)Vi '■ ^ for 
allweW and Vf = 1. 

For i G lex we define a linear map Ui : pi ^ pi hj (j) ^ (p' where (p'i^e) — 
Su(piVr\e)) for e G E^. (This is well defined since T^oiy)Sg = SgTy : J" ^ for 
any y e W, ^ G D, see 1.2.) We have Uf^ = 1 and UiX = {uxu~^)Ui : pi ^ pi 
for any x G G'^{Fq). Hence we can regard pi as a G(Fg)-module extending the 
G'^(-Fq)-module considered above so that u acts as Ui; we call this the preferred 
extension of the G°(Fg)-module to a (j'(Fq)- module. 

Let 51 G D{Fq),w G W. We write = ux,x G G^{Fq). For any i G /ex we 
define a linear map : pi ® E^ ^ pi ® E^ by Hi{(l) ® e) = (fif(/)) ® (yir^„(e)). 
For (j) e pi,e e Ei we have 5pT^„(^(0 ® e)) = A{Hi{(f) ® e)). (The left hand 
side is SxSuTy^{(t>{e)) — Sj:Su{(f>{T^e)); the right hand side is {xUi(f)){ViTwe) = 
SxSu(p{Vi~^ViTwe) = SxSu{(j){T^e)), as desired. Thus the endomorphism SgT^ of 

corresponds under the isomorphism (a) to an endomorphism R of ® iei Pi ® 
such that R\p.^E\ — Hi (if i G lex] it is clear that R permutes the summands 
Pi ® E'^ with i & I — lex according to a fixed point free permutation of / — lex- It 
follows that 

triSgT^ -.T ^J=)= -.Pi^El^pi^ El) 

hence 

(b) tT{SgT^ :J^^J^)=J2 tr{g,piMViT^, E^). 

Applying (b) with = tt, = 1 we obtain 

(c) tr(5„ : J- ^ ^) = tr(«, p,)tr(y,, E^). 

2.2. Let F : G — )■ G be the Frobenius map corresponding to the F^-rational 

structure of G. The induced map S — )■ S is denoted again by F. Let Wq be the 
fixed point set of : W — > W. This is a subgroup of W, in fact a Weyl group 
with generators indexed by the orbits of : 5 — )■ 5. 

For any G W let = {B e B; (S, F{B)) G C»^}, see [DL]. If ^ G D{Fg) 
and BeX^ then {gBg-\ F{gBg-^)) = {gBg-\ gF{B)g-^) G O.^^^y Hence if 
w G Wq, then G{Fq) acts by conjugation on X^,; hence G{Fq) acts on the Z-adic 
cohomology with compact support Hl{X^, Q;); we denote by Ry^ the virtual rep- 
resentation J2i{~^yHl{Xyj, Qi) of G{Fq). Let ^ be the vector space of functions 
D{Fq) — > Q; generated by the characters of irreducible representations of G°(Fg) 
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which appear in Hl{Xyj, Q^) for some w e Wq, i G Z and are extendable to G{Fq)- 
modules. The character of Ru, {w e Wq) restricted to D{Fq) belongs to Q and is 
denoted again by Rw Also, if i G lex, the character of the preferred extension pi 
restricted to D{Fq) belongs to Q and is denoted again by pi. For r, r' in Q we set 
(r, r') = \D{Fq)\~^ Y.geD{Fg) Let Qq be the vector space of aU / e ^ 

such that (/, Ryj) — for all w e Wq. 

Let tj{j e J) be a set of representatives for the irreducible representations of 
Wq. For j e J we define, following [LI] and [Ml], the element 

Rcj = IWoT' Yl ^<w,tj)R^ e g. 
weWo 

2.3. In this subsection wc assume that we are in the setup of 1.12(d). In this case 
/ = lex- Following [Ml] we index the irreducible representations of W as 

lo, l36, IO9, 61, 625, 2O10, 155, 15i7, 154, 15i6, 2O2, 2O20, 246, 
24i2, 3O3, 30i5, 608, 8O7, 908, 6O5, 6O11, 644, 64i3, 81q, SUq. 

This list is taken as the set / so that E^°,..., E^^^° in Irr(W), . . . , E^^^'' 
(representations of Tiq) and pi^, . . . , psiio (representations of G{Fq)) are defined. 
Following [Ml], we index the irreducible representations of Wq (of type F4) as 

10,41, 92, 83, 83 , 24, 2'1, 124, 165, 9e, 96 , Gg, , 4'^, 4y , 

48, 8g, 89 , 9io, l'i2, I12, 4l3, 2'i6, 2'/6, 124- 

This list is taken as the set J so that eig, . . . , fei^^ are in Irr(Wo); for j E J we 
write Rj instead of R^^. From [Ml, Theorem 8],[M3] we see that for some function 
e:/— )-{l,— 1} the following equalities (referred to as 4) hold in Q. 

e(lo)pio = -Rio' 

e(l36)Pl36 = -^1245 

e(109)pio, = (l/3)i?i24 + (2/3)i?6^ - (l/3)i?6^. + Si, 
e(6i)p6i = ^2^> 

e(625)P625 = %'6' 

6(20io)p20io = (l/6)i?i24 - (l/2)i?4« + (l/m^ + (1/3)% - (l/2)i?l6, + S2, 
e(155)pi5, = (l/2)i?2i' + (l/2)i?9, - (l/2)i?i;^ - (l/2)i?8^, 
6(15i7)pi5,, = (l/2)i?2;, + (l/2)i?9,o - (l/2)i?i'/, - (l/2)i?8^ 

e(154)pi54 = (1/2)%' - (l/2)i?92 + (1/2)% - (1/2)%, 
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e(15i6)pi5,e = (1/2)^^2;, - (l/2)i?9,o + (V2)i?i'/, - (l/2)i?8^', 

e(202)p202 = R^i, 

e(202o)p202o = -^413, 

e(246)p246 = Rs'^, 
e(24i2)p24i2 = Rs'^, 
e(303)p303 = (l/2)i?2i' + (l/2)i?92 + (l/2)i?i;, + (l/2)i?8^, 
6(30i5)p30,a = (l/2)i?2i, + (l/2)i?9,o + (l/2)i?i;', + (l/2)i?8^ 

6(608)P608 = -(l/2)i?124 + (l/2)i?48 - (l/2)i?165 + =3, 

e(807)p8o. = (l/6)i?i24 + (l/2)i?48 + (1/3)% + (l/3)i?6;' + (l/2)i?i6, + H4, 
e(908)p908 = (l/3)i2i24 - (l/3)i?6^ + (2/3)i26.. + S5, 



e(605)p605 = 


-^4^5 


e(60ii)p60ii = 




e(644)p644 = 




e(64i3)p64i3 = 




e(8l6)p8i6 = 




e(81io)p8iio = 





where Si,S2, . . . , S7 G ^0 and e(z) may apriori depend on q. More precisely, in 
[Ml], for i E I, the G'^(Fg)-module pi is extended to a G(Fq)-module p\ not by the 
preferred extension (2.1) but by the requirement that (pj, i?i) > (this determines 
p'- uniquely if {p[,Ri) > 0; if (pj, i?i) = for one of the extensions then the same 
holds for the other extension and we pick arbitrarily one of the two extensions and 
call it p[). Then the character of p[ on D{Fq) is an element of Q denoted again by 
p[] we have p[ — ±pi for all i e /. What is actually shown in [Ml, Theorem 8],[M3] 
is that the equations 4 hold if e{i)pi is replaced by e'{i)p\ where e' : I — >■ {1,-1} 
is given by e'(20io) = €'(164) = e'(15i6) = e'(608) = -1, e'(i) = 1 for all other i. 
It follows that e{i)pi = e'{i)p[ for all z G / — {644, 64i3}. 

In [M2], the values Rj{g) are explicitly computed (as polynomials in q) for any 
j E J and any unipotent element in D[Fq). Since, by [M2, Proposition 7], we have 
Ege7(F,) -(9) = for any 7 e ^, S e Qq, we see from 4 that Y^ge-yiF^) ^i^)pi{9) 
is explicitly known (as a polynomial in q) for any 'j & D and any i E I. 

In particular, if 7 G .D contains u (see 2.1) then for each i G /, \ j{Fq)\e{i)pi{u) is 
explicitly known. Hence e{i)pi{u) is explicitly known as a polynomial in q'. It turns 
out that the value of this polynomial at g = 1 is the integer tT{vi, E^). Using this 
and 2.1(c) we see that tr{Su : J-" — )■ J-") is a polynomial in q whose value at = 1 is 
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^,^jeiiMv,,E'Mv,,E'). Now tr(^^ ; JT ^ ^) = |{s G B{Fq);uBu-^ = B}\ 
is equal to the number of Borel subgroups defined over Fq of a simple algebraic 
group of type F4 defined over Fq, hence is a polynomial in q whose value at 
g = 1 is \WWo\ = 1152. Thus we have ^^^^ e{i)tr{vi, E^)^ = 1152. By standard 
orthogonality relations for characters we have also X^ie/ -^*)^ ~ 1152. Thus 
^^^j(l — e{i))tr{vi, E"-)^ — 0. Since 1 — e{i),tr{vi, E'^Y are integers > it follows 
that for any z e / such that tr(wj, E'^) we have e{i) = 1. Note that tr(f j, E'^) = 
for i e {644,64i3} and tr(i;j,£'*) 7^ for all other i. We see that e{i) = 1 for all 
i E I — {644, 64i3}. For i G {644, 64i3} the equations in 4^ hold for any choice of 
e(i). Hence we may assume that e(z) = 1 for all z G /. We now see that 

(a) '^g^^(^p ) Pi{g) is explicitly known (as a polynomial in q) for any 7 G ^ and 
any i & I. 

From 2.1(b) we have for any 7 G D and any w G ^D-min'- 

\'^l{Fq)\ = \{{g,B) G 7^ X B{Fq)-{B,gBg-^) G 0^}\ 

= J2 HSgT^ ■■ J" ^ J") = Y.^ ti{g,pi)MViT^,Ei). 

Here the last sum can be calculated as an explicit polynomial in q using (a) and 
the known values of the polynomials tr{ViTyj, i?^) (available through the CHEVIE 
package). This calculation was performed using a computer. The explicit knowl- 
edge of the quantities \^^{Fq)\ as polynomials in q allows us to decide when 
7 £ ^w,D (this holds precisely when the polynomial is nonzero). We can then 
verify that Theorem 1.3 holds in our case. (Note that the partial order on is 
known from [Sp, p. 250] and the description of D_^^g is known from [Sp, p. 161].) 
The calculation of the sum above yields in particular: 

\'Bl{Fq)\ = \G\Fq)\ 

whenever C G W^', w G C^i„ and 7 = $(C). Now from [L9, 0.3(b)] we see that 
any G°-orbit on (for the conjugation action on both factors) which is defined 
over Fq has a number of Fg-rational points equal to \G^{Fq)\; it follows that 

(b) is a single -orbit if C e W^K w G Cmin and 7 = $(C). 

We now describe explicitly the map $ in our case. The e^-conjugacy classes in W 
are in bijection with the ordinary conjugacy classes in W under the map C 1-^ Cwq 
{wq is the longest element of W); we denote an e£)-conjugacy class in W by the 
same symbol (given in [Ca]) as the corresponding ordinary conjugay class in W 
(we also add an ■ to the name of an eD-elliptic conjugacy class). The objects of 
are denoted as 

752, 736, 730, 728, 724, 722> lit 7l8, lit lH, 7l4, 7l2, ifo, ifo, 78, 76, 74 

where the subscript indicates the codimension of the class (it is taken from [Sp] and 
[M2, Table 10]) and the upperscript denotes the dimension of the largest unipotent 



CONJUGACY CLASSES IN THE WEYL GROUP AND UNIPOTENT CLASSES, III 17 

subgroup of the centralizer of an element in the class (it is taken from [M2, Table 
10]). The map $ is as follows: 

2Ai,4Ai ^752 
A5, Ai, 3Ai h-). 

A32A1 IH- 730 
A3A1 724 
D4 H- 728 
A3 ^ 7I2 

D4{ai)\ .05(01) ^ 718 
A^Ai ^ 711 
E6{a2y,A5^'yll 

^^,^22^1,^2^1 ^7l^6 
2ApA2Ai ^^7l4 

I— 7- 712 dist 
^ 78(3 

^5 ^ 7io 
^4 78 dist 
Eq i-^ 76 dist 
EeiaiY I— )> 74 dist. 
Here we have indicated the distinguished unipotent classes by " dist" . 

2.4. In this subsection we assume that we are in the setup of 1.12(c). Following 
[Ml] we index the irreducible representations of W in terms of 

le, = {4, (3, 1), (2, 2), (2, 11), (21, 1), (111, 1), nil}. 

Thus E^,E^^^,...,E^^^^ in Irr(W), E^ , E^'^ , . . . , E^^^^ in Irr(W), (representa- 
tions of Tig) and p4, p^^i, . . . , pim (representations of G{Fq)) are defined. 

Following [Ml], we index the irreducible representations of Wq (of type G2) as 

lo) 2i, 22, 13, 13, le- 

This list is taken as the set J so that eig, . . . , /eig are in Irr(Wo); for j E J we 
write Rj instead of ■ From [Ml, Theorem 6] we see that the following equalities 
(referred to as 4) hold in Q. 

P4 = Rio J 
P3,i = -Ri^,Piii,i = Ri'^, 

P2,2 = (l/2)i?2, + (l/2)i?2,+Si, 
P2,ll = (l/2)i?2, -(l/2)i?2,+S2, 
P2i,i = (l/2)i?2, + (l/2)i?2,+S3, 
Pllll = Rlei 
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where Si, 52,^3 e Qq. Note that our pj are defined over Q hence they are the 
same as the extensions considered in [Ml]. 

In [Ml, Theorem 10], the values Rj{g) are expUcitly computed (as polynomials 
in q) for any j E J and any unipotent element in D{Fq). The analogue of [M2, 
Proposition 7] holds here with a similar proof; it implies that ^^^^(^ ) ■^(5') — 
for any 'f E D_, E e Go- Hence we see from 4 that 

(a) ) Piid) is explicitly known (as a polynomial in q) for any ^ & D and 
any i G lex ■ 

From 2.1(b) we have for any j & D and any w e ^D-min' 

I^XTOH E tr(5,T^ : ^ J^) = E ( E tr{g,p,)MV,T^,El). 

Here the last sum can be calculated as an explicit polynomial in q using (a) and 
the known values of the polynomials tr(T^T^, (available through the CHEVIE 
package). This calculation was performed using a computer. The explicit knowl- 
edge of the quantities \{{g, B) G '^{Fq) x B{Fq); (S, gBg~^) G Ow}\ as polynomials 
in q allows us to decide when 7 G (this holds precisely when the polynomial 

is nonzero). We can then verify that Theorem 1.3 holds in our case. 
The calculation of the sum above yields in particular: 

= \G'iFq)\ 

whenever C G W*"', w G Cmin and 7 = ^»(C). From this and from [L9, 0.3(b)] we 
deduce as in 2.3 that 

(b) ^2, 'i'S a single -orbit if C e \ w G C^in and 7 = $(C). 

We now describe explicitly the map $ in our case. We parametrize W ^i as in the 
CHEVIE package. Thus we view W as a subgroup of a Weyl group W of type F4 
which is normalized by an element u of order 3 in W' such that ujyuj~^ — eoiy) 
for y G W. If C G then Cui is contained in a unique conjugacy class C of 
W and we give C the same name as that given in [Ca] to C (we also add an ' 
to the name of an eo-elliptic conjugacy class). The objects of D are denoted as 
714)78)76)74)72- Here the subscript denotes the codimension of the class (it is 
taken from [Ml, Table VIII]). The map $ is as follows: 

42 ^ 114 
^24)^^1 ^78 
CsA- ,C3 ^76 
-^4(01)' '->■ 74 dist 
F] I-)- 72 dist. 

Here we have indicated the distinguished unipotent classes by "dist". 

3. Even full orthogonal groups 

3.1. In this section we fix a k- vector space V of finite even dimension n — 2n > 4 
with a fixed nondegenerate symplectic form (, ) : F x y — > k and a fixed quadratic 



CONJUGACY CLASSES IN THE WEYL GROUP AND UNIPOTENT CLASSES, III 19 



form Q : F — >■ k such that {x, y) = Q{x + y) — Q{x) — Q{y) for x, y e F. For any 
subspace V' of V we set V'-^ = {a; e y; {x, V') = 0}. Let C be the set of subspaces 
H oiV such that dim(ii/") = n and Q\h = 0. Let Is{V) be the subgroup of GL{V) 
consisting of all g G GL{V) such that Q{gx) = Q{x) for all x E V. For j E {0, 1} 
let be the set of all vector space isomorphisms g : V ^ V such that for any 
H e Cwe have dim{g{H) OH) = n-j mod 2. Note that Is{V) = G° U G^ is 
an algebraic group with identity component In this section we assume that 
G = Is{V),D = G^. Then G, D are as in Ll(a). 

3.2. Let J" be the set of aU sequences = {Q = Vq G Vi G V2 <Z . . . <Z Vn = V) 

of subspaces of V such that dimVi = i for i E [0, n], Qlvi =0 and V^-^ = Vn-i for 
all i E [0, n]. There is a unique involution V* ^ V* of where Vi = Vi for i ^ n, 

For g E Is{V), G J-" we define g ■ E hj setting for any i E [0, n]: 
id ■ V*)i = gVi- This defines an action of Is{V) on T. 

3.3. Let W be the group of permutations of [1, n] which commute with the invo- 
lution z !->■ n — z + 1 of [1, n]. We define a map T x T ^ W, (K, Vl) i->- ay^yi as 
in [L6, 1.4]; then ("14, Vl) h- )■ av^,vi defines a bijection from the set of /s(y)-orbits 
on F X T (for the diagonal action) to W . For w eW \ei Ow be the /s(y)-orbit 
on X corresponding to w. Define EW hj ay y = for any 14 G J-". We 
define W as the group of even permutations in W (a subgroup of index 2 of W). 
We view W (resp. VF') as a Coxeter group of type (resp. D^) as in [L6, 1.4]. 
We fix one of the two G°-orbits on J^; we call it J^'. 

For any G we set By^ = {g E • K = K}, a Borel subgroup of G^. 

Then h-> Sy; is an isomorphism J-'' the variety of Borel subgroups of G^. 

We identify W with W, the Weyl group of as in [L6, 1.5]. In our case we 
have eD{w) = s^wSn for w E W. If 14 G we have By^ = By . 

3.4. Until the end of 3.7 we fix = {pi > P2 > • • • > Pa), a sequence of integers 
> 1 such that a is odd and pi + P2 + • ■ ■ + Pa = n. Define Wp^ G as in [L6, 
1.6]. Note that Wp^ eW - W. Using [L6, 2.2(a)] and with notation of [L6, 1.4] 
we have 

^nWp,^ = (Sn-l) ■ ■ ■ (Sn-p^ + l) X 

i^n—pa • ■ ■ ^n—l^n — l ■ ■ ■ ^'^n—p„){Sn—pa — l){^n—p^—2) ■ ■ ■ (Sn—p^—p^-i+l) X 

{^n—pa—Pa-l • • • ■ ■ ■ *n— — Pa-l ) Po-— Pa-l — l) ('^n— Per— Pcr-l — 2) 

• • • (Sn-po--Pc7-i-Pc7-2+l)^ 

(Sn— P2 ■ ■ ■ ^n — lSfi—l • • • Sn—p^ P2)i.^n—p„ P2 — l) 

{Sn-p„ P2-2) • • • {Sn-p„ Pi + l)- 

Note that the length of SnW~^ in W' is equal to the length of in W minus 
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cr; hence it is 2^^^^^ vp^^i + n — a. Thus Wp^Sn has minimal length in its e^- 
conjugacy class in W = W' (see [GKP]). 

For any g E let Xg be the set of all (K, K') ^ x such that av;,V7 = 
(or equivalently y, = Wp^Sn) and • T4 = V^. We have the following result 
[L6, 3.3]. 

Proposition 3.5. Let g E and let ("14, FJ) G Xg. There exist vectors 
vi,V2, ■ ■ ■ ,Vcr in V (each Vi being unique up to multiplication by ±1 such that 
for any r G [1, cr] the following hold. 

(i) Vp^+...+p^_^+i = S{g^Vk;k G [l,r - G [0,pk - 1] or k = rj G [0,z - 1]} 
fori G [0,p,.]; 

(ii) {g'-vt.Vr) = /or any 1 <t < r, i e [-pt,Pt - 1]; 

(Hi) {vr.g^Vr) = /or i G [— + " 1]; Qi^r) = and {vr,g^''Vr) = 1; 
("iuj setting Er = S{g~P'+'^vt;t G [l,r],i G [0,pt - 1]) we have V = Vp^^ © E^. 

(v) the vectors {g^Vt)te[iM^j<^[-pt,pt-i] f^^^^ « ^Z^- 

3.6. Let g E G^. Let 5g be the set of all sequences Li, L2, . . . , L^j of lines in V 
such that for any r G [1, a] we have 

(i) (g'Lt, Lr) = for any 1 < t < r, z G [-pt.Pt - 1]; 

(ii) {Lr, g'^Lr) = for z G [—pr + — 1], Q{vr) = 0; 

(iii) {Lr,gP^Lr)j^O. 
We note: 

(a) z/Li, -^2, ■ ■ ■ ,L(j is in Sg then the lines t G [1, a], i G [0, 2]3t — 1]} 
form a direct sum decomposition of V. 

The proof is the same as that of 3.5(v). 

Note that the assignment (14, V^) i-^ (Li, L2, . . . , La) (where Lj is spanned by 
Vi as in 3.5) defines a bijection 

(b) Xg-^Sg. 

3.7. In the remainder of this section we assume that p = 2 so that G, D are 
as in Ll(a),(b). Let F = F © k. We define a quadratic form Q : V ^ h hj 
Q{x.,e) = Q{x) + where a; G V, e G k. Let (, )' be the symplectic form on V 
attached to Q. From [L6, 2.8], [L6, 3.3], [L6, 3.5(c)] we see that there exists a 
unipotent isometry g -.V ^ V oiQ with Jordan blocks of sizes 2pi, 2p2, • • • , '^Pai 1 
and vectors vi,V2, ■ ■ ■ , I'cr+i in V so that the following hold. 

{g'^vu Vr)' = for any 1 <t <r <a + 1, i E [-pt,Pt - 1]; 
{vr^g^Vr)' = for any r G [1, cr], i G [-pr + l,Pr - 1]; 
Q{vr) = and (vrig^'^Vr)' = 1 for any r G [1, cr]; 

Qiva+i) = 1; 

for any t G [l,cr], the subspace spanned by (^~^*''~*i't)ie[o,2pt-i] is ^-stable and 

gVa+l = Va+l] 

the vectors (^-'ft)i£[i^CT],je[-pt,pt-i] together with tJcr+i form a basis of V. 
Let V be the subspace of V spanned by {g^vt)te[i,a],je[-pt,pt-i]- Clearly, (, )' is 
nondegenerate when restricted to V' and V is a ^-stable hyperplane in V such 
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that g : V ^ V is a unipotent isometry of Q\v' with Jordan blocks of sizes 
2pi,2p2,...,2p^. 

Now the hnes spanned by vi,V2j ■ ■ ■ ,Va- satisfy the definition of Sg\^, where 
Sg\^, is defined in terms of g\v'j V in the same way as Sg was defined in terms of 
g,V in 3.6. Thus 7^ 0. Since V',Qv' is isomorphic to V,Q, it follows that 

there exists a unipotent isometry g : V —t- V of Q with Jordan blocks of sizes 
2pi, 2p2, • • • , such that Sg ^ 0. Using 3.6(b) we deduce that for this g we have 
Xg^%. Note that g is necessarily in . 

3.8. Let ^ T y~ T \)Q such that av;,v;' = 'f^p* equivalently ay^ = 

Wp^Sn- We can assume that V* E T'. Then K e J"'. 

Let 7 be a unipotent G°-conjugacy class in such that g -V^ = Vl for some 
g E J and such that some/any g E 'j has Jordan blocks of sizes 2pi,2p2, . . . , 2|)o-- 
(Such 7 exists by 3.7.) Let 7' be a unipotent G°-conjugacy class in G^ such that 
g' -V^ = Vl for some g' E j'. We show: 

(a) 7 is contained in the closure of Y . 
Let Sp{V) the group of all automorphisms of V that preserve (, ). We have G^ C 
Sp{V). Let 71, 7^ be the S'p(V)-conjugacy class containing 7,7' respectively. By 
[LX, 1.3], 71 is contained in the closure of 7( in Sp{V) and then, using [Sp, 11,8.2], 
we see that 7 is contained in the closure of 7' in G^. This proves (a). 

From (a) we see that 1.3(a) holds for any eD-elliptic conjugacy class C in W. We 
also see that 1.3(b), 1.3(d) hold for G,D (we use the description of distinguished 
unipotent classes of D given in [Sp]). This completes the verification of 1.4 for our 
G,D. 

4. Bilinear forms 

4.1. In this and the next two sections we assume that we are in one of the following 
two cases: 

k is an algebraically closed field and we set g = 1, or 

k is an algebraic closure of a finite field Fq with q elements (we then have q > 1). 
Let y be a k- vector space of dimension n > 1; let V* be the dual vector space. 
For X E V,^ E V* we set (x,^) = ^{x) E k. For any subspace V of V we set 
V'-^ = E V*;{V',^) = 0}; for any subspace U of V* we set = {x E 
V; (x, U) — 0}. For any j E Tiodd let G^ be the set of all group isomorphisms 
g : V ^ V* such that g{Xx) = X"^^ g{x) for a; e V, A e k. For any j E Ti^v let 
G^ be the set of all group isomorphisms g : V V such that g{\x) = g{x) 
ior X E V,\ E k. We set D = G^. For any g E G^ {j odd) we define a group 
isomorphism g : V* ^ V by {g{0^ 9i^)) = (^^0^^ all x eV,^ E V*; we have 
^(-^0 — '^'^^9(0 fo^^ ^ G V*,A G k. For any g E G^ {j even) we define a group 
isomorphism g : V* V* by (gix), g{^)) = (x,^)^^ for all x eV,^ E V*; we have 
g{X^) = XI' g{^) for ^ G y*, A G k. For g E G\ g' E we define g * g' E G^+^' 

9 * 9' = 99' if 3' is even; g * g' = gg' if j' is odd. If, in addition, g" E G^ , then 
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{9*9')*9" = 9*{9'*9") is equal to gg'g" are even; to gg'g" if / is odd, /' 

is even; to gg'g" if are odd; to gg'g" if j' is even, j" is odd. For g e we 
define g*^~^^ e G"-^ by g*^~'^^ = ig)~^ if j is odd and g*^~^^ = g~^ ii j is even. We 
have g*''~^^*g = g*g*^~^^ = 1 e G^. We see that if g > 1, Uj^zG^ is a group with 
multiplication *; we assume that it is the given group G in 1.1, that G^ — GL(y) 
is the normal subgroup of G given in 1.1 and D is the given G°-coset given in 1.1. 
If q = 1, G^ depends only on the parity of j and any element of G^ is a vector 
space isomorphism; also, * defines a group structure on G° U G^ which becomes an 
algebraic group with identity component G^ = GL{V); we assume that G^ U G^ 
is the given group G in 1.1, that G^ = GL{y) is the normal subgroup of G given 
in 1.1 and D is the given G°-coset given in 1.1 (in this case G, D are as in 1.1(a)). 

\i g & G^ then the j-th power of ^ in G is denoted by g*^\ we have g*^ e G-' ; 
this agrees with the earlier definition of g*^~^\ From the definitions we have 

g*ag*b ^ g*ia + b) ^ ^^^^ ^ ^^^^^^ 

(a) {x,gx') — {x' , g*^~^^ x)'^ for x,x' eV 

. This implies 

{g*^''+''^x,g<''+''^x') = {g*''x,g*^x'y^ 
for a, c even, b odd and x, x' e V. 

4.2. Let be the set of sequences K = (0 = Vq C Vi C V2 C . . . C K = T) 
of subspaces of V such that dimF^ = z for i e [0,n]. We identify J-' with B by 
V; ^ By, ^{xe GL{Vy, xVi = V^ for all i}. 

For e G-' , 14 G ^ we define 5^ • G J-" by seeting for any i e [0, n]: ((7 ■ 14) j = 
Sr^i (if i is even), {g-V,)i = (gVn-i)^ (if j is odd). If g e G^ g' e and K e J", 
then g -{g' ■ V^) = [g* g') ■ V^. (We use that {gW)^ = g{W-^) for any subspace W 
of V.) Thus, (7, 14 (-)■ (7 ■ 14 is a G-action on J^. Under the identification = B, 
this becomes the G-action g : B t-^ g * B * g*^~^'^ on B. 

4.3. Let Sn be the group of permutations of [1,71.]. For any permutation w E Sn 
let be the set of pairs (K, V^) G x such that dim(V^' fl Ki,(j)) = dim(l/' n 
Vw{j)-i) + 1 for aU j G [l,n]. Note that if (T4, K') ^ and j G [l,n] then 

(a) = n T4,(j)) + 

Now Oyj is a single G°-orbit on .F x (for the diagonal action). Hence w can be 
viewed as an element of W. This identifies W with S^- 

Define w G S'n by j 1— )■ n -(- 1 — j. From the definitions we see that 

(b) if{V,,V:) G then {V:,V,) G O^-i. 

(c) if (K, K') e and heG^ then {h-V^,h- VI) G Owww 
For G W we have eoiw) = www. 
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4.4. Let p* = (pi > P2 > ■ ■ ■ > Pa) be a descending sequence in Z>o such that 
2(pi + P2 + • • • + Pa) = n + a. Let Zp^ be the permutation of [l,n] such that for 
any r e [1, u] we have 

(pi - 1) + • • • + {pr-i - 1) + i ^ pi + • • • + Pr-l + l {ie[l,Pr- l])] 
n- {pi^ hPr - 1) ^Pl H \-Pr-l + 1; 

n-{{pi + ---+pr-i) + i)^n-{{pi-l) + --- + (j)r-i-l) + i) {i G [0,pr-2]). 

From the results in [GKP] we see that Zp^ has minimal legth in its e£)-conjugacy 
class in W = W. In the remainder of this section we write w instead of Zp^. 

The composition ww is the permutation of [1, n] such that for any r e [1, u] we 
have 

(pi - 1) H h (pr-i -l) + i^n-{pi-\ hPr-i +i) (i ^ [l,Pr - 1]); 

n-{pi-\ hPr-l +Pr - 1) n - (pi H hPr-i); 

n - ((pi + • • ■+Pr-i) + i) ^ {pi -!) + ■■■ + (pr-i + i + l {ie[0,pr- 2]). 
This is the product of a disjoint cycles of size 2pi — 1, 2p2 — 1, ... , 2po- — 1: 

li-^n-li-^2i-^n-2i-^3i-^n-3i-^...i-)-pi-li-^n-(pi-l)i-^ni-^l, 

pi 1-^ n - (pi + 1) 1-^ pi + 1 1-^ n - (pi + 2) 1-^ . . . 1-^ Pi + P2 - 2 1-^ 
n-{pi+p2-l)^n-pih^pi,.... 

The permutation ww~^w is given by 

(pi-l) + --- + (p^_i-l) + i^ (pi + \-pr-i) + i (^ e [l,p^-l]), 

n - (pi H hPr-i) H^pi H hPr, 

n-(pi + ---+p^_i+i) ^ n + l-{{pi-l) + --- + {pr-i-l) + i) {i G [l,Pr--l]). 
The following equality is a special case of 4.3(a): 

^iH hPr- 

(a) = (V(pj_i)^_...+(p^_j_i)_,_j n Fp,+...+p^_,+i+i) + 

if r e [l,cr],i e [0,pr - 1]. 
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4.5. Let (T4,T/') E O^. Using the equality 

(a) dim{Vj n V^) = i{h e [l,k];w{h) < j} 
we see that for any r e [1, c] we have 

dim(V('p^_i)^...+(p^_^_i)^^ n Vp^+...+p^_^+i+i) = (pi - 1) + • . . + - 1) + i, 

dim(V('p^_i)^...^(p^_^_i)^. n = - 1) + . . . + _ 1) + ^ _ 1 

for i e [i,Pr — 1]; 

-((pi+---+Pr-l)+«) ^ Kl-((pi-l) + --- + (p^_l-l)+i)) — ''^ {iPl H HPr-l) 

= n- ((piH \-pr-i) + i) -1 

for z e [0,pr - 2]; 

dim(y^_(p^^...^p^_i) n Vp^+...+p^_^+i) = (pi - 1) + • • • + - 1) + 1, 

dim(V;^_(p^^,„^p^_i) n Vp^+...+p^_J = (p^-i) + ... + (p^_^ - 1); 
in particular we have 

(b) V(p^_i)+...+(p^_,_i)+i C T^i+...+p^_i+i+i 

fori e — 1]- Similarly for (14, F/') G Cww-iw and any r G [1,0-], i G [1,^^. — 1] 
we have 

dim(V('^^_i)^...^(p^_^_i)^. n Vp^+...+p^_^+i) = (pi - 1) + • • • + - 1) + i; 

hence 

4.6. Let g eG^. Let 

= {(K, K") e C»w»-iw; = 9~' ■ K}. 

We show: 

(a) // (K, K') G ^5 K" = ■ K t/ien (K, K") e . 
Indeed, from (K, (7 ■ K) G Ow we deduce using 4.3(c) that {g~^ ■ K, K) e Owww 
which implies (a) in view of 4.3(b). 

In the following result we fix (V*, V^') G Xg. 
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Proposition 4.7. Let it e [1, c] . There exist vectors vi,V2, ■ ■ ■ ,Vu in V ( each Vi 
being unique up to multiplication by an element in {A e k*; '^^ = 1}) such 

that for any r G [1, m] the following hold, 
(i) fori e [l,Pr] have 

^iH hPr-l+i 

= 5(^*^i;fe; e [l,r - e [0,2^^ - 2]e^ or /c = r,j e [0, 2i - l]e^) 

(in particular, the vectors g*^Vk{k e j e [0, 2pfc — 2]gy) are linearly indepen- 
dent); 

(a) for i e [l,Pr — 1] we have 

^(,Pl-l) + --- + {Pr-l-l)+i 

= S{g*Hk\k e [l,r - l],j e [l,2pfc - Ijet, or A; = r, j e [l,2i]et,); 

("m^ settm^f Er = S{g*^Vk;k e [l,r],j e [-2pk + l,-l]odd) C V* we have 
V = Vp,+...+p^ e E^; 

(w) (tv, g*^vt) =0 ifte[l,a],t<r, j e [~2pt + 1, 2pt - 2]odd; 

(v) {Vr,g*^Vr) =Oifje [-2pr + 2, 2pr - 2]odd; 

(vi) (•i;^,i/*(2p.-iK)) = 1. 

Wc can assume that the result holds when u is replaced by a strictly smaller 
number in [l,u]. (This assumption is empty when u — 1.) In particular vi, . . . , Vu-i^ 

are defined. By assumption we have V = ® ^u-i hence 

Vpj^+...+p^_j^+i n is a line. (We set £'0 = so that Eq = V.) Let Vu be 

a nonzero vector on this line. 

We show that (iv) holds for r = u. From the induction hypothesis we have 

V(;^_i)+...+(p„_,_i) = S{g*^vk;ke [l,u-l],j e [l,2pk - lU). 

Hence 

(^Ki-((pi-i)+...+(p„_i-i))^ c S{g*^Vk;k e [1,^-1],^ e [1,2^^ - l]e„). 
We have Vp,+...+p^_,+i C T4_((p,_i)+...+(p^_,_i) since 

pi + • • • + 1 < n - {{pi -!) + ••• + {pu-i - 1)). 

Hence 

gVu e firFpi + ...+p„_i+i C C/Fn-((pi-l) + -+(p„_i-l) 

= (V^(;,_i)+...+(p_,_i))^ = 5(^*^'^fc;A; e [l,u-l]J e [1,2^^ - l]e.)^. 
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(The last equality uses the induction hypothesis.) Thus if A; e [l,tt — G 
[l,2pk - l]ev we have {g*^Vk,gvu) = so that if k e [u - 1], j e [0,2pk - 2]odd 
then {vu, g*^Vk) = 0. Since Vu e we have [vu, g*^Vk) = if G [1, m - 1], j e 

[-2pk + l,-l\odd- Thus = if /c e [l,w-l],je [-2pfe + 1, 2pfe - 2]odd. 

This proves (iv). 

We show that (i) and (ii) hold for r = u. It is enough to show (i) when i e 
and (ii) when z e — 1]. From the definition we have 

ypl+■■■+p^,-l+l = Vpi+-+pu-i + 

= S{g*^Vk; ke[l,u-l],j e[0, 2pk - 2]e„ or /c = u,j = 0). 

We assume that for some a G [l,Pu — 1], (i) is known for z = 1, 2, . . . , a and (ii) is 
known for i = 1, 2, . . . , a — 1. It is enough to show that (i) holds i — a + 1 and (ii) 
holds for z = a. By assumption we have 

Fpi+...+p„_i+a = S{g*^Vk:,k G [l,u-l]J G [0, 2pfc-2]e„ or A; = uj G [0,2a-l]e«), 

»'(pi-l) + --- + (p„_l-l)+a-l 

= S{g*^Vk;k G [1,^ - G [1,2^^ - Ije^; or A; = u, j G [1,2a - 2]ev)- 
We have Vp^+...+p^_, C "l4_((p,_i)+...+(p„_,_i)+„) since 

Pi-\ \-Pu-i <n - {{pi - 1) H h (p„-i - 1) + a). 

Hence for A; G [1, — 1] we have 

gvk G gVp^+...+p^_^ C fifl4_((p^_i)+...+(p^_^_i)+„) 

= (^(pi-l)+-+(p„_i-l)+a)"^- 

We have 

^ {pi-l) + -+{Pu-i-l)+a 

= S{g*hk;ke [l,u-l],je [l,2pfe-l]e„ OTk = u,je [l,2a-2]e„)®kr7 

for some rj & V and by the previous sentence we have {r],gvk) for A; G [1, w — 1]. 
Since 

^(pi-l) + --- + (p„_i-l)+a ^ 9 "^pi + ---+p„-i+a 

= S{g*Hk\k G [1,^-1], J G [2,2pfc]e^ or k = uj e [2,2a]ei;), 
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(see 4.6(a), 4.5(c)) we see that we can assume that ij — ^f^^[i ^-i] Ck9*^'^^''^Vk + 
Cug*^^"'^Vu where ci,...,Cu e k are not all zero. Assume that c,- 7^ for some 
r e [1, tt — 1]; let ro be the smallest such r. We have 

+ Yl c,iv,,g<-'^^+'Kof''+Cu{vu,g*^-'^+'Ky^ = 

k€[ro+l,u-l] 

(We have used (iv) and that for A; > ro we have —2pk + 1 G [—2pro + 1,-1].) Thus 
= 0, a contradictfon. We see that 77 is a nonzero multiple of g*^'^°'^Vu- We can 
assume that 77 = g*^'^°'^Vu; we see that (ii) holds for i = a. 

We have Vp^+...+p^_^+a+i = V('p^_i)+...+(p_^_i)+„ + Vp^+...+p^_^+a. (We use 
4.4(a) and the inclusion V(p^_i)+...+(p^_^_i)+„ C Vp,+...+p^_^+a+i in 4.5(b).) Us- 
ing this, (ii) for i = a and the induction hupothesis we see that 

Vp^+...+p^_^+a+i = S{g*Hk;k e - 1], j e [l,2pfc - l]e„ or A; = u,j e [l,2a]e„) 
+ S{g*^Vk;ke [l,r-l],je [0,2pfc-2]e„ OTk = r,je [0,2a-l]e^) 
= S{g*hk;ke e [0,2^^ -2]e^ or k ^ uj e [0,2a+ l]e,;) 

so that (i) holds for i = a + 1. This proves (i) and (ii). 

We show that (v) holds for r = u. We have V^^_| C Vn-((pj^-i)-\ 

since pi H \- Pu <n - {{pi - 1) H \- {Pu - !))• Hence 

Using this and (i),(ii) we deduce 

S{g*^vk;ke [l,u],je [1,2^^ - l]odd) GS{g*^Vk;ke [l,u],je [1,2^^ - l]e„)^. 

In particular if j e [1, 2pu - l]ev, j' e [1, 2pu - l]odd then {g*^Vu, g*^' Vu) = and 
(v) follows. 

We show that (vi) holds for r — u. From 4.5(a) we have 

dim(v;^_(p^+...+p^) n ypi+...+p„_,+i) = (pi - 1) + • . . + (p„_i - 1). 

Hence 

dim(F^_(p^^...^p^) + Fp,+...+p_,+i) = 71 - (pi - 1) + • • • + (p„ - 1) 

so that 

dini(«_(^^+...+p„))^ n = (Pi - 1) + ■ ■ ■ + (p. - 1) 
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that is 

dim{gVp,+...+p^ n Vp|+...+p_^+i) = {pi - 1) + ■ ■ ■ + {pu - !)• 

By (i) we have S{g*h)k]k e G [l,2pk - 3]odd) C gVp^+...+p^. By (i) and 

(iv),(v), we have S{g*^Vk;k e [l,u],j e [l,2pk - 3]odd) C Hence 

S{g*^Vk;ke [l,u],j e [l,2pk - 3]odd) C gVp^+...+p^ n 
By (i) we have 

dimS{g*^Vk;k G [l,w],i G [l,2pk - S]odd) = (Pi - 1) H \- {Pu - !)• 

Hence we must have 

S{g*^Vk;ke [l,u],j e [l,2pk - 3]odd) ^ gVp^+...+p^ nVp^^+...+p^_^+^. 
By (i) we have 

dimS{g*^Vk;k E [1, G [l,2pfc - 3]odd or k^u,j ^ 2pu - 1) 
= (pi - 1) + • • • + (p„ - 1) + 1 

hence 

^*(2p„-i)^^ ^ G [1,«], j G [l,2pfe - 3],dd) 

so that 

Since (7*^2P"-^)^„ G ^F^.+.-.+p^ (by (i)) it follows that ^ 
Using (i) we deduce 

^*(2p„-i)^^ ^ G [l,u- 1], j G [0, 2pfe - 2]e. or A; = j = 0)^. 

Since 

g,*(2p«-i)^^ ^ 5(^*^'^;fc; G [1, w - l],i G [0, 2pk - 2],,)^ 

(see (iv)) we deduce that {v^, g*^'^^'^~^''Vu) 7^ 0. Replacing Vu by a scalar multiple 
we see that we can assume that {vu,g*^'^''^'^~^^Vy) = 1- This proves (vi). 

We show that (iii) holds for r = u. Note that dim.{Ey) <Pi + \- Pr'i hence 

dim(£'^) + dim l/p^_| > n. Using this we see that it is enough to show that 

n Vp^_| |_p^ = 0. Taking (i) into account we see that it is enough to verify the 

following statement: 

(*) Let f = J2ke[i,u],ie[i,Pk] Cfc,*£'*^^^'="^'^'^fc (ck,t G k; be such that {f,g*^'vk') = 
for any k' G [1, u],j' G [-2pk' + 1, -Ijodd- Then / = 0. 



CONJUGACY CLASSES IN THE WEYL GROUP AND UNIPOTENT CLASSES, III 29 



Assume that not all c^^i are zero. Let io = mm{i;ck,i 7^ for some k e 
Let X' = {ke [l,u];ck'io 0}- We have X' ^ d) and 

Let To be the smallest number in X'. We have 

reX' 

+ E E CrA9*^''-''^Vr,g*^-'^°^%rJ. 
re[l,u] iE[io + l,Pr] 

If r G X', r ^ ro, we have (£?*(2p,.-2*„)^^^^ ^*(-2*o+i)y^j = ^^^^ ^*(-2p,+i)^^j ^ q 
(we use (iv); note that r > ro hence Pr < Pro)- 1^ r E [l,u] and i e [io + l,Pr], we 
have (5r*(^^'-~^*)t)r, 5'*^~^*°+^^fro) = (we use (iv),(v); note that if r > ro we have 
2(—pr+i—io) + l e [— 2p^(, + l, — 1]; if r < ro we have 2(pj. — z+zo) — 1 G [0,2^^.-3].) 
Thus we have 

We see that Cro,io = 0, a contradiction. This proves (*) hence (iii). 

This completes the proof of existence part of the proposition. The uniqueness 
part follows from the proof of existence. The proposition is proved. 

4.8. Let g e G^. Let Sg be the set of all sequences Li, L2, . . . , I/o- of lines in V 
such that for any r G [1, cr] we have 

(i) iLr,g*^Lt) = 0ifte[l,ait<rJe[-2pt + l,2pt-2]odd; 

(ii) (L„ g*^Lr) = if i G [-2pr + 2, 2pr - 2] odd; 

(iii) {Lr,g<'P--'^Lr)^0. 
We show: 

(a) if Li, L2, . . . , La is in Sg then the lines {g*^~^P''+^'^^Lk;k G [l,cr],/j. G 
[0, 2pk — 2]} form a direct sum decomposition of V. 

For r G [1,0"] we can find Vr G Lr such that (f j., 5'**-^^'^~^-*fr) — 1- Assume that 
/ = J2ke[i,a] E/ie[o,2pfc-2] Ck,hg*^~^^'''^^^^Vk is equal to where Ck,h G k are not 
all zero. Let ho = mm{h; Ck,h 7^ Ofor some k G [1, a]}. Let X = {k E [1, a]; Ck,ho 
0}. We have X and ' 

/ = E CkM9*^-'''^''°^Vk + E E 9*^-''^^''^ 

kex k£[l,(T]h£[ho+l,2pk-2] 

Let ko be the largest number in X. We have 

= {f,g*^'''^-'^VkJ = E Ck,hoi9*^-''"'+"'°^Vk,9*^''°-'^Vko) 

kex 

+ E E i9'^-'"'^''^Vk,9*^''''-'^Vko). 

ke[l,(j] he[ho + l,2pk-2] 
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If /c e X, /c ^ /Co we have {g*^~'^P'^+'^^°^Vk, g*^'^^°~'^^Vko) = (using (i) and k < ko). 
If /c e [1, 0-] and he[ho + 1, 2pk - 2] we have £f*(2/io-i)^^j = (we 

use (i),(ii); note that if < /cq, we have —2pk + 2h — 2ho + 1 G [—2pk + 1, 2pk — 2]; 
k> ko we have 2pk — 2h + 2ho — 1 e [—2pko + 2, 2pko — 2]). We see that 

= C,„,„(^*(-2^"=o+2'^o)^^^^^*(2/.o-l)^^J. 

Using (iii) we deduce = CkQ,ho, a contradiction. 

4.9. Let g e G^. For any Li, L2, . . . , in (Sg we define subspaces V,, Vj of V 
(j e [l,n — 1]) as foUows: 

^i+-"+Pr-i+i = X/ 9*^Lk, 

fce[l,r-l],ie[0,2pfc-2]e„ or fe=rje[0,2i-l]e^ 

r e [l,cj],i e 

ke[l,r-l],je[0,2pk-2]„M or fe=r,ie[0,2i-l]„dd 

r e [l,a],ie [l,pr - 1]; 

^(pi-l) + --- + (Pr-i-l)+i = XI fi'*^^*;, 

fee[l,r-l],je[l,2pfc-l]e^ or k=r,je[l,2i]ev 

r e [i,(7],i e - 1]; 

Vn-{pi + -+pr-i+i) = ( X] 9*^Lk)^, 

ke[l,r-l\,je[l,2pk-l\odd or fe=r,je[l,2i]odd 

r e [l,c],z e [l,Pr]- Note that the sums above are direct, by 4.8(a). Note also 

that Vp^^ \.p^ = Vn-((pj^-i)-\ is defined in two different ways; similarly, 

V^p^_^^_^ = V^_(-p^^ •) is defined in two different ways; these two defi- 
nitions are compatible by the definition of Sg. We set Vn — = V, Vq = Vq = 0. 
We have K = (Vj) E -F, K = (VJ) G T and = (gVn-j)^ for aU j e [1, n]. 
For re [1, (j], i e [l,Pr — 1] we have 

^(pi-l) + -" + (Pr-l-l)+i ^l+---+Pr-l+i+l 

= ®k€[l,r-l],j€[l,2pk-l]ev or k=r,j£[l,2i]^^g*^ Lk 
n ©fce[i,r-l],j,E[0,2pfe-2]e„ or fc=r,i6[0,2i+l]e„5'*''-^fe 
= ©fcE[l,r-l],ie[l,2pfe-2]e„ or k=r,je[l,2i]ev9*^ Lk 
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and this has dimension (pi — 1) + h (pr-i — 1) + ^; 

^(pi-l) + --- + (Pr-l-l)+i ^Pl+-+Pr-l+i 

= ®ke[l,r-l],j€[l,2pk-l]ev or k=r,j€[l,2i]^^9*^ L). 

n ®feG[l,r-l]je[0,2pfc-2]e„ or k=r,je[0,2i-l]^^g*^ 

= ®fcG[l,r-l],iG[l,2pfc-2]e„ or fe=rje[l,2i-l]e„^*''-^fc 

and this has dimension (pi — 1)H \-{pr-i — l) + i — l. For r e [l,cr],ze [0,pr — 2] 

we have 

= i®ke[i,r-i],je[i,2pk-i]odd or k=r,je[i,2i]odd9*^ Lk)-^ 

n (©fce[l,r-l],j6[0,2pfc-2]„drf or k=r,je[0,2i-l],ad9*^ ^k)^ 
= (©A;6[l,r-l],j6[0,2pfe-l]„dd or k=r,je[0,2i]„dd9*^ ^k)^ 

and this has dimension n — {pi + ■ — h Pr--i + i)] 

^n-{pi + -+pr-i+i) ^ K-((pi-l)+- + (p^_i-l)+i+l) 

= i®ke[l,r-l],je[l,2pk-l]odd or k=r,je[l,2i]odd9*^Lk)-^ 
n (©A;6[l,r-l],je[0,2pfe-2]„dd or fc=r,j 6 [0,2i+l] „dd5'*^ "^fc) 
= ©fc6[l,r-l],je[0,2pfe-l]odd or k=r,je[0,2i+l]odd9*'' ^k)'^ 

and this has dimension n — {pi + ■ ■ ■ + Pr-i + i + 1). For re [1, c"] we have 

^n-(piH hPr-1) ^ ^1-1 l-Pr-i 

= ®ke[l,r-l],j&[l,2pk-l]odd or /c=rJG[l,2p^-2)]odd^*''-^fc)"^ 
n ®k€[l,r-l],j€[0,2pk-2U9*^ Lk 

= ®ke[i,r-i],jeli,2pk-2],^9*^ Lk 
and this has dimension {pi — 1) + ■ ■ ■ + — 1); 

K-(pi + ---+p^-l) ^ ^l + ---+Pr-l + l 

= (®/c€[l,r-l] J€[l,2pfc-l]odd or fe=r J€[l,2p^-2)]odd5'*''-^fc)"^ 
n ®feG[l,r-l]je[0,2pfc-2]e„ or fe=r Je[0,l]ev^*^-t'fe 
= ®fee[l,r-l],iG[l,2pfc-2]e^ or k=r,j=09*^ 

and this has dimension (pi — 1) + • • • + (pr- 1 — 1) + 1- (We use the definition of 
Sg.) We see that (K, K') ^ Thus (Li, . . . , L^-) i->- (14, K') defines a morphism 

(a) Sg^Xg. 

This is an isomorphism; the inverse is provided by (K, V^) h- )■ (Li, . . . , L^) where 
Lr is the fine spanned by Vr as in 4.7 (with u = a). 
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5. Almost unipotent bilinear forms 

5.1. In this section we preserve the setup of 4.1 and we assume that q = 1, that 
G (which was fixed in 1.1) is as in 4.1 and D = G^. Thus G,D are as in 1.1(a). 
Note that D does not contain unipotent elements of G, unless p = 2. Let Dau be 
the set of all 5f e -D = G^ such that : F — > F is unipotent (we then say that g 
is almost unipotent). 

Until the end of 5.9 we G.x p^ — {pi > p2 > ■ ■ ■ > Pa), a descending sequence in 
Z>o such that 2{pi+p2 + - ■ ■+Pa) — n + a; note that the elements (see 4.4) with 
7?* as above form a set of representatives for the elliptic e£)-conjugacy classes in W. 
We fix a basis {zj;t e [1, cr], i e [0, 2pt - 2]} of V. For any r e [1, a],je [0, 2pr - 2] 
wc define z''j G V* by the following requirements: 

(z*,z'p = if t ^ r 

(4, z'p = if -p^ + 1 < j - i < - 2 

«,^'p = (r5:;;) ifi-^>p.-i, 

Clearly, the n x n matrix with entries {zj, z''^) is nonsingular. Hence the 2;'^ form 

a basis of V* . Define g:V ^V*hy g{z\) = z'\ for any t e [1, a], z e [0, 2pt - 2]. 
Define g' :V* ^Vhy 

g'iz'^j) = for any r G [1, a]Je [0, 2p^ - 3], 

9'i^%.-2) = E.e[o,2p.-2](-l)'('T')4 for any r e [l,a]. 
Wc show that g' = g that is, 

(a) {g'iz'-^),g{zl)) = (2:|,2:'p for all r,j,t,i. 
When t 7^ r both sides of (a) are zero. Thus we can assume that r = t. Assume 
first that j < 2pt — 2. We must show that 

(4+1,^*)=. (4,4). 

If —pt + 1 < i — J — 1 < — 2 (or equivalently if —pt + l<j — i<Pt — 2) then 

the left hand side is and the right hand side is 0). 

Ifi— j — l>Pt — 1 (or equivalenty if j — i < —pt) then the left hand side is 
n-j-i+p, IS ^. ^^^^ g.^g .g n-j+p,-2Y 

\ii — j — \ < —pt (or equivalenty ii j — i > pt — 1) then the left hand side is 

p■ + l-^+P*-2^ ^ ^. ^ . /,-z+(p,-l)x 

V j+l-i-pt I ^ \j-i-(pt-l)/ 

Next we assume that j = 2pt — 2; we must check for any i G [0, 2pt — 2] that 



E 



/ee[0,2pt-2] 



that is. 



i-/i; + (Pi-i)A/2pt-i 



^ ^ ^^^[i-k-(pt-l)J\ k 

k€[0,2pt-2];k<i-{pt-l) ^ ^ 

ke[0,2pt-2];k>i+pt 



k — i — Pt J \ k 
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is equal to if i e [pt, 2pt - 1] and to {^p^'I^li) if i G [0,pt - 1]. U i = pt - 1 the 
desired equality is 1 = 1. It remains to show that 

fce[i+pt,2pt-i] ^ yt / \ / 

if i e [0,pt - 2] and 

'i-k + {pt-l)\f2pt-l 



A;E[0,i-(pt-l)] 



if i e \pti 2pt — 2]. Both of these equalities are special cases of the identity 



k,k'>0,k+k'=j 



for any j > 1, which is easily verified. (We use the convention that (^^*;.~^) = if 
k > 2pt — 1.) This completes the proof of (a). 

Now g*^ :V is given by zj ^ z\j^-^ for any t e [1, it], z e [0, 2pt — 3] and 

k(2pt- l\ t 



fce[0,2pt-2] 



for any t E [1, o"]. It follows that g*"^ -.V —^V is unipotent (that is e Dau) with 
Jordan blocks of sizes 2pi — 1, 2p2 — 1, ... , 2p^ — 1. 

For r e [1, a] we set Vr = For r e [1, ex], j G [-2p^ + 2, 2p^ - 2\odd we 

have < — 1 + (j — l)/2 < 2pj. — 3 hence z'* _i_|_(^_i-)/2 defined and 

(we use that —pr + 1 < (j — l)/2 < p,. — 2). For r e [1, cr] we have 

{vr^g^-'^^-^^Vr) = {g*^zl_,,g<^^^-^^^hl_,) 

_ / r *(2pr — 1) r \ _ ( r ir \ _ f^Pr ~ ^ \ _ -i 

— \^Pr-lj9 ~ l^Pr--!'-^ 2pr-2) " I q ) ~ 

For t,r E [1, cr], t ^ r and j odd we have 

{vr,9*^vt) = {9*'zl_„g<^+'hl_,) = (^*«^-^^/^^4,_i,4,_i) = 

since g*^^^~^''^'^''Zp^_i is a linear combination of Zq, z{, . . . , Z2p^_2. Thus, if Lr 
is the line spanned by Vr, we have (Li, L2, . . . , Lu) e Sg (see 4.8). Using the 
isomorphism 4.9(a) we see that 

(a) Xg ^ 

(notation of 4.6). 
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5.2. Let g e Dau be such that (see 4.6); let (V*,T/') e Xg. Let 

vi, V2, • • • , be as in 4.7 (with u — a). For any t e [l,cr] let be the sub- 
space oiV spanned by {g*^~'^^"'~^'^^^Vr)rQ:[o,t],he[o,2pr-2] let VF/ be the subspace 
of F spanned by {g*^~^P''+^^^Vr)re[t+i,a],he[o,2p^-2]- From 4.8(a) we see that 

We set N = g*"^ — 1 : F — > a nilpotent linear map. Let ni > n2 > ■ ■ ■ > Uuhe 
the sizes of the Jordan blocks of N; we set = for i > u. For any /c > we set 

= max(2pr — 1 — A;, 0). 

re[l,a] 

We show: 

(a) For any k > 1 we have dimN'^V > A^. 

Note that dimN''V — J2i>i niax(ni — k,0). Applying [L6, 3.1(b)] with xi, . . .,Xf 
given by g*^~'^'^^^vi, . . . ,^**-~^^'^-'va and using 4.8(a) we see that for any c > 1 we 
have {2pi — 1) + {2p2 — 1) + • • • + {2pc — 1) < ni + 77-2 + ■ ■ ■ + ric- Hence for any 
k > 1 we have X]re[i cr] ^Si,x{2pr — 1 — fc, 0) < X]r>i iiiax(nr- — /c, 0) and (a) follows. 

We now assume that k > and d G [1, a] is such that 2pd — l>k and (if d < a) 
k < 2pd+i - 1. Then A'^ = E.6[i,d](2pr - 1 - A;). We show: 

(b) If dim N'^V = a; then Wd,W'^ are g*'^ -stable, gW'^ = W^, g*^ : Wa ^ Wa 
has exactly d Jordan blocks (each one has size > k) and N''W^ = 0. 

For r e [l,cr] let v'^ = g*^~^'P'^^Vr; then (^*^^'*^i'r)he[o,2p^-2] is a basis of Xr hence 
(A^'^f^)/i£[o,2p^-2] is a basis of Xr- For r G [l,(i] let be the subspace spanned 
by N'^v'^ih G [k,2pr - 2]). Note that Yr C iV'^X^. Hence ©^e[i,d]i; C N^Wd C 
iV'^l/. We have dim ©^£[1,^]^^ = J2reli,d]^'^Pr - - = K = dimN'^V. Hence 
©re[i,d]>"r = A^'^VTd = N^V. We have ©^e[i,d]>"r C Wd- Hence iV'^y C Wd- We 
show that A^VFd C Wd- Clearly N maps the basis elements N'^v'^ (r G [1, d], /i G 
[0, 2;>r - 3]) into Wd- So it is enough to show that N maps N'^p^^'^v'^ (r G [1, c/]) 
into W^d. But NN^P^-'^v', = N^p--'^v'^ = N^N'^p^-'^-^v'^ C N^V C VFrf. Thus 
NWd C Wd. Hence g*'^Wd = Wd and 5r*2M^^-L = wj^. For r G [d + 1, a] we have 
g-'^Vr G M^/ by L7(iv). Since g*^Wj- = Wj- we have g*^Vr G Wj- for all odd j; 
hence gXr C VI/^. Thus, gW^ C W^. Since dimVF^ = n - dimM^d = dimM^^, 
it follows that gW^^ = W^. Since g*^W^ = it follows that g*'^W^ = W^^. 
Let 5 be the number of Jordan blocks of N : Wd — >■ Wd that is, 5 = dim(ker AT : 
Wd Wd). We have dimW^d -S = dimAT^d > Er€[i,d](2Pr - 2) = dimW^d - d. 
(The inequality follows from [L6, 3.1(b)] applied to A^ : Wd — > Wd-) Hence 5 < d. 
From the definition of 5 we see that dim(ker A^'^ : Wd -> Wd) < 6k. RecaU that 
dimA^^Wd = Er6[i,d](2Pr - I - k) = dimVF'd - kd. Hence dim(ker A^'^ : Wd -> 
Wd) — dimVFd — dimA^^VFd = kd. Hence kd < 6k. Since k > we deduce d < 6. 
Hence d = 6. Since dim(ker N'^ : Wd — > Wd) = kd we see that each of the d Jordan 
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blocks of N :Wd ^Wd has size > k. Since N'^W = N^V and V = Wd®W'^ 
we see that N^W'^ = 0. Hence each Jordan block of N : — )■ has size < k. 
This proves (b). 

5.3. In this subsection we assume that ^ is as in 5.1. By 5.1(a) we can find 

(F*, K') ^ so that the definitions and results in 4.2 are applicable. We show: 

(a) if t e [1,(7] then {{g*^ - 1)p*-^x, g{g*'^ - 1)p*-^x) ^ for some 
X G ker(£?*2 _ l)2pt-i. 

With the notation of 4.1 we have ^ zl i£ k e [0, 2pt - 2], 



ee[0,2pt-2] 

hence (if*^ - l)^^*-^^) = and 



eG[0,pt-l] 



Thus 



{{g*'-ir-'zlg{g*'-ir-'4) 

ee[0,pt-l] ^ ^ e€[0,pt-l] ^ ^ 

= (-1^-1(4, 4^_i) = (-ir-^ 

This proves (a). 

5.4. Let T be the set of sequences = (ci > C2 > C3 > . . . ) in N such that = 

for m > and ci+C2-\ = n. For c* e Twe define c* = (c^ > C2 > C3 > . . . ) G T 

by c* = |{j > l;Cj > i}\ and we set jJii{c^) = \{j > l;Cj = i}\ {i > 1); thus we 
have fJ,i{c^) = c| — c*_^.i. For i,j>l we have 

(a) i<Cjiffj<c*. 

For c*,c'^ e T we say that c* < c'^ if the following (equivalent) conditions are 

satisfied: 

(i) Eje[i,i] Cj < Eje[l,^] c'j any i > 1; 

(ii) E,6[i,.] Cj > E,6[i,.] c'* for any i > 1. 
The following result is proved in [LX, 1.4(e)] 

(b) Let c^,c'^ e T and i > 1 be such that < c'^, Eie[i,i] = Eje[i,i] c'j ■ 
r/ien c| < c'*. If in addition iJ,i{c^) > 0, then fJiiic'^) > 0. 
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5.5. Until the end of 5.10 we assume that p = 2 so that G, D are as in l.l(a),(b); 
then g & is almost unipotent if and only if it is unipotent. Let tt e be 
unipotent. Wc associate to u the sequence E T whose nonzero terms are the 
sizes of the Jordan blocks of tt*^ : V ^ V . We must have iii{c^) =even for any 
even i. We also associate to tt a map e^j : {i G 2N + 1; z 7^ 0, fii{c^) > 0} ^ {0, 1} 
as follows: e„(i) = if ((w*^ _ l)i'-^)/^x,u{u*^ - l)^'-^')/^x) = for all x e 
ker(tt*^ — ly : V ^ V and eu{i) = 1 otherwise; we have automatically eu{i) = 1 
if iJii{c^) is odd. Now u 1— )■ (c*,eM) defines a bijection © where & is the 
set consisting of all pairs (c^,e) where c* G T is such that fii{c^) =even for any 
even i and e : {i G 2N + l;z 7^ 0,/Ui(c^<) > 0} ^ {0, 1} is a function such that 
e(z) = 1 if iJ,i{c^) is odd. (See [Sp, 1,2.7]). We denote by 7c^,e the element of D 
corresponding to (c*, e) G &. For (c*, e) G © it will be convenient to extend e to a 
function Z>o {—1,0, 1} (denoted again by e) by setting e{i) = — 1 if z is even 
or Hi{c^) = 0. 

Now let 7 = 7c., £,7' = 7ci,e' with (c*, e), (c'^, e') G &. Assume that c* = 
{2pi — 1, 2p2 — 1, ... , 2pcr — 1, 0, 0, ... ) and that e is such that e{2pi — 1) = 1 for 
i G [1, a]. Assume that for some/any G 7' we have Xg ^ 0. We will show that 

(a) 7 is contained in the closure of ^' . 
The proof of (a) (given in 5.6-5.9) is almost a copy of the proof of Theorem 1.3 in 
[LX]. 

5.6. It is enough to show that 

(a) c* < < 

and that for any z > 1, (b),(c) below hold: 

(b) Ej6[i,i] c* - max(e(z), 0) > Y.je[iA " max(e'(z), 0); 

(c) if E,6[l,^] Cj = E,e[i,i] c'j and c*+i - c'*+i is odd then e'(i) 0. 
(See [Sp, 11,8.2].) 

Let g G 7'. We choose (14, V^) G Xg. Then the notation and results in 5.2 are 
valid for g. From 5.2(a) we see that (a) holds. Note also that, by [LX, 1.4(d)], for 
i > 1, 

(d) we have = E,e[i,^] iffdimN'V = A[. 

5.7. Let i > 1. We show (compare [LX, 1.6]): 

(a) If^^{c,) > and Eje[i,t] = ^Je[l,^] ^'^^^ ^'(^) = ^■ 
By 5.4(b) we have Hi{c'^) > 0. Since iJ,i{c^) > we see that i — 2pd — 1 for some 
d G [l,cr]. If Hiic'^) is odd then e'{i) = 1 (by definition, since i is odd). Thus 
we may assume that //i(c(^) G {2,4,6,...}. From our assumption we have that 
dimiV^F = A^ (see 5.6(d)). 

Let vi,V2, . . ■ , Vcr be vectors in V attached to 14, V/, g as in 4.7. For r G [1, a] let 
11^^, 11^; be as in 5.2; we set Wq = 0, II^(^ = V. From 5.2(b) we see that N^W'^_^ = 
at least if d > 2; but the same clearly holds ii d = 1. We have 
since VF^-i fi'*^-stable (see 5.2) we have va G W^_^ hence N'^P'^~-^Vd — (see 
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(We have used that {vd,g*^Vd) = if j G [-2pd + 2,2pd - 2]odd and 
{vd,g*^^P^~^^Vd) = 1.) Thus e'{i) = 1. This proves (a). 

5.8. We prove 5.6(b). It is enough to show that, if e(z) = 1 and e'{i) < then 



that e'{i) = 1, a contradiction. Thus 5.6(b) holds. 

5.9. We prove 5.6(c). If i is even then e'{i) — —1, as required. Thus we may 
assume that i is odd. Using 5.6(a) and 5.4(b) we see that c* < c'*. Assume 
first that c* = c'*. From fii(c^) = c* — c*_^_i, fii(c'^) = c'* — c'*^i we deduce that 
A*i(c*) — IJ'i{c'^) = ~ is odd. If iii{c'^) is odd we have e'{i) = 1 (since i 
is even); thus we have e'{i) 7^ 0, as required. If iJ.i{c'^) = we have e'(i) = — 1; 
thus we have e'{i) ^ 0, as required. If //i(c^) G {2, 4, 6, ... } then iJii{c^) is odd so 
that iJ,i{c^) > and then 5.7(a) shows that e'(z) = 1; thus we have e'(i) 7^ 0, as 
required. 

Assume next that c* < c'*. By 5.6(a) we have ^j^^^^^^^c* > Y.je[i,i+i]'^'*j'' 
using the assumption of 5.6(c) wc deduce that c*_|_^ > c'*_|_^. Combining this with 
c* < c'* we deduce c* — c*_^-^ < c'* — c'*_^i that is, Hi{c^) < IJ^i{c'^)- It follows that 
> 0. If Hi{c^) > then by 5.7(a) we have e'{i) — 1; thus we have e'{i) ^ 0, 
as required. Thus we can assume that iJ,i{c^) = 0. We then have c* = c*_,_i and we 
set S = c* — c*_|_]^. As we have seen earlier, we have c*_^_i > c'*_^i; using this and 
the assumption of 4.6(c) we see that c*_^_i — c'*_^i = 2a + 1 where a e N. It follows 
that c'*_^_i — S — (2a + 1). In particular we have 5 > 2a + 1 > 0. 

If /c e [0,2a] we have c^_^ = i. (Indeed, assume that i + 1 < Cj_^; then by 
5.4(a) we have 5 — k < c'*_^-^ = 5 — (2a + 1) hence A; > 2a + 1, a contradiction. 
Thus c'g_;^ < i. On the other hand, S — c* < c'* implies by 5.4(a) that i < c'g. 
Thus c'5_fc <i<c'g< c'g_j^ hence = i.) 

Using 5.4(a) and c'*_,_^ = d — (2a + 1) we see that c^_(-2a+i) > ^ + 1 (assuming 
that d — (2a + 1) > 0). Thus the sequence c'^, C2, . . . , contains exactly 2a + 1 
terms equal to i, namely c^_2^, . . . , c^_i, c'g. 

We have i > cs+i- (If i < cs+i then from 5.4(a) we would get 5 + l<c* = 5,a 
contradiction.) 

Since 5 > 0, from c* = S we deduce that i < cs (see 5.4(a)); since iii{c^^ = we 
have Cs ^ i hence C5 > i. From the assumption of 5.6(c) we see that dim A^'^y = A^ 
(see 5.6(d)). Using this and cs > i > cs+i we see that 5.2(b) is applicable and 



5.2) and 



{NP'^-\d,gNP^-^Vd) 




ivd,g*^^^'-'^vd) = l. 
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gives that V = Ws ® W^, Ws, are gf*^-stable and gW^ = W^; moreover, 
g*^ : Ws — )■ Ws has exactly 5 Jordan blocks and each one has size > i and 
g*^ : Wg — >■ Wg has only Jordan blocks of size < i. Since the 6 largest numbers 
in the sequence c'^ , C2 , . . . are c'^ , C2 , . . . , c'g we see that the sizes of the Jordan 
blocks of g*^ : Ws Ws are c^, C2, . . . , c^. Since the last sequence contains 
an odd number (= 2a + 1) of terms equal to i we see that eg\^^{i) = 1. (We 
explain the meaning of the last equation. The dual space Wg of Ws can be 
identified canonically with V* /Wg- which can be identified canonically with gWs 
since V* = gWs © = gWs © Wg . Hence x ^ gx can be viewed as an 
isomorphism Ws VFj, denoted by g\ws- Note that (^IvKs)*^ is equal to the 
restriction of g*^ to Ws hence is unipotent hence g\ws is unipotent and its invariant 
^9\ws^^) defined.) Hence there exists z e Ws such that {g*"^ — lyz = and 
((^*2 _ -^^(i-i)/2^^g(^g*2 _ ;L)(i-i)/2^) = I This shows that eg(i) = 1 that is 
e'{i) = 1. This completes the proof of 5.6(c) and also completes the proof of 
5.5(a). 

From 5.5(a) (which is applicable in view of 5.3(a)) we see that 1.3(a) holds for 
any C e W""'. Moreover we see that 1.3(b), 1.3(d) hold for G,D (we use the 
description of distinguished unipotent classes of D given in [Sp]). This completes 
the verification of 1.4 for our G,D. 

5.10. We now prove Theorem 1.14 for our G^D. (Recall that p = 2). We can 
assume that w = Zp^ with p* = (pi > P2 > ■ ■ ■ > Pa) as in 4.4; thus 2(pi + p2 + 
1" Pa) = n + a. We then have 

l_{w) = pi+3p2 + --- + {2a- l)p^ - ((7^ - a)/2. 

Since g*"^ has Jordan blocks of sizes 2pi — 1, 2p2 — 1, ... , 2p^ — 1, we see from [Sp, 
p.96] and 5.3(a) that 

d:=diuv{Z{g)) = Y,fl/2- h + n/2 

h>l h>l, odd 

where /i > /2 > • • • is the partition dual to 2p\ — 1, . . . , 2p„ — 1; thus, for j >1 
we have /-,■ = '^{i e [l,cr];2pi — 1 > j). Note also that Zqo = {!}• We must 
show that l{w) = d. We can find integers ai,a2, ■ ■ ■ ,o,t,bi,b2, ■ ■ ■ ,bt (all > 1) 
such that 61 + 62 + • • • + &t = o", 2pi — 1 — ai + 02 + • • ■ + for i G [1, 61], 
2pi - 1 = ai + 02 + ■ ■ • + at-i for i G [61 + 1, 61 + 62], • • • , 2pi - 1 = ai for 
i G [61 + 62 + ■ ■ ■ + bt-i + 1, 61 + 62 + ■ ■ ■ + 6t]. We have 

2l_{w) = {ai + --- + at + l)bl + (ai + • • • + at-i + l)((6i + 62)^ - bj) + . . . 
+ (ai + l)((6i + . . • + bt)^ - (61 + • • • + 6,_i)2) - (a^ + a) 
= ai(6i + • • • + bt)^ + 02(61 + • • • + bt-i)^ + ■■■ + atbj - a. 
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We have 

2d = ai{bi + ■■■ + htf + 02(61 + • • • + h-if + • • • + athl 
- (ai + l)(6i + • • • + 6t) - 02(61 + • • • + ht-i) athl + 2(n/2). 

To show that d — l{w), we must show: 

ai(6i + • • • + btf + 02(61 + • • • + bt-if + ■■■ + athl - a 
= ai(6i + • • • + htf + 02(61 + • • • + ht-if + • • • + athl 
- (ai + l)(6i H h 6t) - 02(61 H h 6t_i) 0^61 + n. 

or that 

n = 01(61 H h 6t) + 02(61 H h 6f_i) H h 0^61. 

But this is just another way to write the identity n = {2pi — 1) + (2p2 — 1) + • • • + 
{2pcr — 1). This completes the proof. 

5.11. In this subsection we assume that p ^ 2. Let = {s E D; s*^ = 1}. Now 
is in bijection with the set of nondegenerate symmetric bihnear forms on V 
with values in k: to s G -D* corresponds the symmetric bilinear form s given by 
x,x' I-)- s{x){x') = s{x'){x). Note that for ^ e D we have g e Dau if and only if 
g = su where s e and tt is a unipotent clement in G° commuting with s or, 
equivalently, u is a unipotent element of the orthogonal group Og- It follows that 
the set Dau of G°-conjugacy classes in Dau is in bijection with the set of partitions 
of n such that each even part appears an even number of times: to 7 G Dau 
corresponds the partition given by the sizes of the Jordan blocks of : F — > F 
for some/ any g E ^. We will define a canonical map $ : W — > Dgu using the same 
principle as that used in Theorem 1.3. For w G W,7 G Dau we write w -\d 'y 
if for some/any (7 G 7 and some B E B we have {B, gBg~^) G Ow For w G W 
we set S^^^ = {7 G Dau ', w Hd 7}; we regard S'^, as a partially ordered set 
where 7 < 7' if 7 C 7' (closure of 7' in D). Using arguments as in the proof of 
1.2(a) we see that if w,w' are elements of ^ D-min which are eo-conjugate, then 
^w,D ~ '^'w' ,D- Hence for any C G we can define S^ ^, = ^'u,,d where w is 
any element of Cmin- We have the following result. 

(a) Let C G Wp. There exists (a necesarily unique) 7 G such that 7 < 7' 

for all 7' G J:'c^d- set 7 = $'(C). 

We can assume that C contains Zp^ (as in 4.4) so that T,'^ j-, = T.'^ p. Then the 
result follows from 5.1 and 5.2(a). Note that for C as above, $'(C) is the G°-orbit 
in Dau corresponding to the partition 2pi — 1, 2p2 — 1, ... , 2po- — 1 of n. We note 
also that the analogues of 1.3(b),(d) clearly hold in our case. Namely, if C,C' 
are elements of W p and $'(C) = $'(C"), then C = C; moreover if 7 G Dau is 
distinguished (in the sense that the centralizer in of an element of 7 contains 
no torus 7^ 1 then 7 = $'((7) for some C G Wp. Also if C G Wp, w G C^^n and 
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7 = $'(C) then for any e 7 we have dim{ZG{g)) = l{w) (compare 1.14); the 
proof is the same as that in 5.10. Using arguments similar to those in the proof 
of 1.4(a) we see that (a) holds in the same form for any C e W p (not necessarily 
elliptic). Thus, $' : W p — > Dau is well defined and surjective. 

We now give a combinatorial description of the map $' : W p >>> Dau- We 
identify W p with the set of partitions of n (to the e£)-conjugacy class of e W 
corresponds the partition which gives the lengths of the cycles of the permutation 
WW of [1, n], w as in 4.3). We identify Dgu with the set of partitions of n in which 
any even part appears an even number of times (to the GL(y)-conjugacy class of 
9 £ Dau we associate the partition which gives the sizes of the Jordan blocks of 
g*"^). Then $'(A) ~ ( where each odd part 2a + 1 of A gives a part of size 2a + 1 
of C and each even part 2a of A gives two parts of size a, a of (. For example if 
A = (5, 4, 3, 3, 2, 2, 1, 1) then $'(A) = (5, 3, 3, 2, 2, 1, 1, 1, 1, 1, 1). 

From this combinatorial description we see that we have the following analogue 
of Theorem 1.16. 

For any 7 G Dau the function $'"-'^(7) — )■ N, C i-7> n{C) (n defined as in the 
proof of 1.4(a)) reaches its minimum at a unique element Cq G ^•'"■'^(7). Thus we 
have a well defined map ^' : Dau — >■ Wp, 7 i->- Cq such that : Dau ~^ Dau 
is the identity map. 

5.12. In this subsection p is arbitrary. Wc fix a sequence p* = {pi > P2 > ■ ■ ■ > 
Per) in Z>o such that n = {2pi — 1) + ■ ■ ■ + {2pa- — 1) and (V*, V^) G where 
w = Zp^. Let 5f G be such that g-V^ = and such that N := g*^ -1 : V ^ V is 
nilpotent with Jordan blocks of sizes 2pi — 1, 2p2 — 1, ... , 2pa — 1. Let vi,V2, ■ ■ ■ ,Va 
be the sequence of vectors associated to g in 4.7 (with u = a); these vectors are 
defined up to multiplication by ±1. For t G [1, cr] and z G Z we set 
and z'j — gz\. From the definitions we see that 

(a) z'\ = gzj, z\^^ = gz'l for all t, i; 

(b) (4, 4) - if J - i G [-pt + l,Pt-2], {zl z'J) = 1 if j - z G {-pt,pt - 1} 
{te[l,a],i,j eZ). 

Moreover, by the argument in 4.8(a) we have that {zj^t G [l,cr],i G [0,2pt — 2]} 
is a basis of V. For any t G [1,0"] let Xt be the subspace of V spanned by 
{zj; i G [0, 2pt - 2]} so that V = Xi ® X2 ® . . . X^. Note that for any A; > we 
have dim.N'^{V) — '^j.e[i a] iiiax(2pr — 1 — /c, 0). Applying 5.2(b) with k — 2pd — 1 
for d = 1, 2, . . . , cr we see that each of the subspaces 

Xi C Xi ® X2 C . . . C Xi ® X2 ® . . . © X^, 

X2 ® . . . ® X^+i D . . . D ® X^+i D X^+i 

of V is 5f*^-stable. Taking intersections we see that each of the subspaces Xi, X2, . . . , X^- 
of V is 5f*^-stable. From 5.2(b) we see also that 



(Xi ® X2 ® . . . ® Xe, g{Xe+i © Xe+2 ® . . . ® X^)) = 
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for any e e [1, a] hence {Xi,gXr) ioi t < r in [I, a]. Using this and 4.1(a) we see 
that iit<r then (X^, gXt) = {Xt, g*^-^^Xr) = {Xt,gXr) = 0. (We have use that 
Xr is (7*^-stablc.) Thus {Xj., gXt) = for any t ^ r in [1, a]. We see that 

(c) «,2'*) = 0ift^r, ijez. 
We now show for any r G [1, cr] that 

(d) «,^'p = (j:Sj:;;) ifj~t>Pr-i, 

(e) ^'p = ) ifi-i<-p.. 

We first prove (d). When j — i — pr — 1, (d) holds by (b). Now assume that j — i = 
Pr — 1 + s where s > and that (d) is known when j — i = p^ — 1 + s' , < s' < s. 

Since g*'^ restricts to a unipotent automorphism of Xj. and dimX^ = 2pr — 1, we 
see that N^p--^ acts as on Xr, so that {g*^ - ifP-'^z^ = 0. Since g*^zl = zl, 
9*^4 = 4, . . . , g*^z^p^_2 = it follows that 



4 = 0. 



fee[o,2p^-i] 



feG[0,2pr-l] 

Using (b) and the induction hypothesis we deduce 

feG[l,2p,-l] \ / \ / 

It is then enough to show that 



E 

0,2p,-ll ^ ^ ^ 



fee[o,2p^ 

for s > or setting m = s — k that 



2pr — l\fpr — 1 + S — k+Pr 

s — k 



E E = ^ 

s>0 fee[0,2p^-l];m>0;fc+m=s \ / \ / 

where T is an indeterminate. An equivalent statement is 

( E (-i)'('v>')(EC''^r"')^")=^- 

k€[0,2pr-l] ^ ^ m>0 ^ ^ 

This folows from the identity Y.m>Q (^+^"^)T"^ = (1 -T)"^ (for M > 1) which 
is easily verified. This proves (d). 
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We now prove (e). Assume that j — i < —Pr- Using 4.1(a), we have 
Note that i — 1— j>Pr — ^ hence using (d) we have 

and (e) foUows. 

Now let ^ G be another element such that g ■ = VI and such that N := 
g*'2 _i .y ^ y [g nilpotent with Jordan blocks of sizes 2pi — 1, 2p2 — 1, ... , 2pcr — 1. 

We associate to g vectors zj G V, z'\ G V* in the same way as z\ G V, z'\ G V* 
were associated to g. From (a),(b),(c),(d),(e) for g and g we see that 

z'\ = gzj, 4+1 = gz'i z'j = gzj, zj^^ = gz'l for aU t, i; 

(4, 4) = [zl 5'*) = if J - z G [-pt + l,Pt-2]; 

(zl z']) = {zl z']) = if i - i > - 1; 

{zl = { ~zi = C75^;;') if J - ^ < -Pt; 

(4,^'*) = (4,5'*) = 0ift^r, i,jez. 
Since {2;|;t G [l,cr],z G [0, 2pt - 2]} and {zj;t G [l,cr],z G [0, 2pt - 2]} are bases 
of V there is a unique isomorphism of vector spaces T : V ^ V such that zj ~ 
T{zj) for all t G [1, a], z G [0, 2pt — 1]. The formulas above show that {z^^gz^) = 
{T{zl),gT{z])) (that is, «,5'4) = i^i ^'^-^gT{zj))) for any r,t in [l,cr] and any 
i G [0, 2pt - 2], j G [0, 2j9^ - 2]. It follows that g = T'^gT. 

Prom the definitions, for any r E [l,a],i E [l,Pr], the subspace |_p^_^_|_i 

is generated by z\^ {t < h E [^,Ph — 1]) and by z'j^{h G [0,z — 1]); similarly, 

the subspace |_p^^_|_j is generated by zj^ {t < r, h E [0,ph — 1]) and by 

4(/i G [0,i — 1]). Also, for any r G [1,ct] and any i G [l,Pr — 1], the subspace 
V(p^_i)+...+(p^_,_i)+i is generated by z^ {t < r,h e [l,ph - 1]) and by z^ {h G 

similarly, the subspace V^p^_^'^_^ i-i)+i i^ generated by zj^ {t < r, 

h G [l,ph-l]) and by ^(/i G [1, ^]). It follows that TVu = K for u G [0,piH hPa] 

and TV^ = V^ for tt G [1, pi + h Po- — c] . For any i G [0, n] we have 

T// = {gVr,-,)^ = {~gV^-,)^ = {fgT-^V^_i)^ = T{{gT-^V^_,)^). 

For u E [pi + ■ ■ ■ +Pa — o", n — 1] we have n — uE [1, pi + ■ ■ ■ +Pa] hence T~^Vn-u = 
Vn-u and K = T((^K-u)^) = TV^. Thus TF/ = ¥( for all z G [0,n]. For 
tt G [pi + • — h Pct, n — 1] we have 

= Wu = \T)gT-^Vu = (K- = (TF^_J^ = T((F^_J^) = TgY^ 

hence T-^K = Thus TF^ = for all i E [0,n]. Thus we have the following 
result (where 7 denotes the set of all g E Dau such that the Jordan blocks of 

_ I . y _^ y liave sizes 2pi — 1, 2p2 — 1, ... , 2pcr — 1): 

(f) The G L{V) -action X : {g,B) ^ {xgx-^^xBx'^) on{{g,B) E -fxB; {B,gBg-^) g| 
O^} is transitive. 

In the special case where p = 2 this proves Theorem 1.15 for our G, D. 
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6. Finite unitary groups 

6.1. In this section we preserve the setup of 4.1 and we assume that g > 1. We fix 
g e G^. Then (j) := g*"^ ^ gg : V ^ V (resp. (j)' := gg -.V* ^ V*) is the Frobenius 
map for a rational structure on V (resp. V*) over the finite subfield Fq2 with 
elements of k. Note that := {x e V; (f){x) = x}, V*'!'' := {^eV*; = C} 
are Fq2-vector spaces of dimension n such that V = 'k.<SiF^2 ^* = '^^f^2 ^*'^ 
and that g restricts to an F^-linear isomorphism — )■ V*'^ . For ,x, x' G 1^ we set 
{x,x') = {x,gx'). From 4.1(a) we deduce {(f){x),x') = {x',x)'^ for any x,x' e k. In 
particular, if x,x' e we have 

(a) {x,x') = {x',x)i. 

Applying (a) twice we see that {x, x') = {x, x')'^ for any x, x' G . Thus x' i— )■ 
(x, a;') is a (nondegenerate) hermitian form x Fq2. It follows that we can 

find a basis ei, 62, . . . , of F such that (f){ei) = ei for z e [1, n] and {ei,gej) = Sij 
for z, J G [1, n]. 

We define a group isomorphism i/' : — > by x i— )■ * x * (7**^"^-* = gxg~^. 
We express i/' in coordinates. Let e'j^, 62, . . . , be the basis of V* such that 
(ej,ej) = 5ij for i,j G [l,n]. Note that e[ — gci for all i. Let x G G'^. We have 
xci = "^jXijej, Xij G k. Let (x'^j) be the matrix which is transpose inverse to 
(xij). Then 'ip{x){ei) = ^- We see that ip is the Frobenius map 

for an F^-rational structure on As pointed out in 4.2 for any G .F we 
have Bg.y^ = 9 * By, * g*^~^^ = ^(Bv,)- Hence, if p^^w = Zp^ are as in 4.4, the 
condition that {V^,g ■ K) G 0^ is equivalent to the condition that By, G X^^^ 
where X^;^^ is the variety of all S G i3 such that B, ip{B) are in relative position 
w (see [DL]). Thus (V^^g -14)1-^ By, is an isomorphism Xg X^^^ . Composing 
with 4.9(a) we deduce that X^^^ is isomorphic to the variety consisting of all 
sequences Li, L2, . . . , L^r of lines in V such that for any r G [1, a] we have 

{Lr, ct)^Lt) = if t G [1, a], t < r, /i G [-puPt - 2]; 

{Lr, (p^Lr) = if /l G [-Pr + l,Pr-2]; 

Thus y^zp^ can be viewed as the quotient of the variety consisting of all sequences 
vi,V2, ■ ■ . of vectors in V such that for any r G [1, u] we have 

{vr, (j)^vt) = Oifte[l,a],t<r,he [-pt,Pt - 2]; 

{Vr, (p^Vr) = if /l G [—Pr + l,Pr " 2]; 

(a model of the variety X^^^ of [DL]) by the obvious (free) action of the group 
{(Ai, . . . , A,) G k*"; Af "^"'+1 = 1 for aU r}. 

Hence this description provides a new proof of the affineness of X^ ^ and X^ 
(the first proof is given in [H2] ; another proof is given in [HL] ) . 
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7. Final remarks 

7.1. In this section we assume that G is as in 1.1(a). Let Gp be the set of unipotent 
elements of G := G/G^. For any D e Gp we wiU write $z) : W p -> D for the 
map denoted by $ in 1.3(a) (relative to D). If a : G — )■ G is an automorphism 
of algebraic groups and D E Gp then a induce naturally bijections a* : W p — > 
Wq.(p), Q!* : D ^ ck(-D) and from the definitions we have 

(a) a4^D{{C))^^^^n)MC)) 

for any C G Wj^. We consider the semidirect product GW in which for D E G 
and w G W we have DwD~^ = eo{w). Let Cp(G) be the set of conjugacy classes in 
GW of elements of the form Dw, D G Gp, w G W. Let G be the set of unipotent 
G-conjugacy classes in G. Let D G Gp,w G W. Let G be the e^-conjugacy class 
of w. Let 7£)u, be the unipotent G-conjugacy class of G that contains ^»d(G). We 
show that for D' G G, tu' G W we have 

(b) ^D'w'Dw{D'w')-^ = iDw 

We have 

D'w'Dw{D'w')-^ 

= D'De^\w')ww'-^D'-^ = D' DD'-^eD'{e^\w'))eD'iw)eD'iw'-'^) 
= D'DD'-^ (eD'e^^eo'-i {en' {w')))eD' {w)eD' {w')'^). 

Thus D'w'Dw{D'w')~^ is eu'DD' -conjugate to eo'iw). Let G' be the cu'dd'-i- 
conjugacy class of eD'{w). It is enough to show that $£)(G), $^/£)^/-i(G') are 
contained in the same G-conjugacy class of G. Let a : G — > G be the auto- 
morphism X I-)- g'xg'~^ where a; G D' is fixed. We have ol{D) = D'DD'~^ and 
q;*(G) = C . Using (a) we have 

^D'DD'-^{C') = $«(D)(a*(C)) = c^*{^d{C)) = x^d{C)x-\ 

Thus $£)(G), $D'DD'-i(C'') are indeed contained in the same G-conjugacy class 
of G. This proves (b). 

From (b) we see that Dw i— ?> "^dw is constant on the GW-conjugacy classes of 
GW which comprise Cp(GW^); hence it defines a map $ : Cp(GW) — )■ G which is 
surjective since is surjective for any D e Gp. 
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